2 (] LIMITS AND DERIVATIVES
2.1 The Tangent and Velocity Problems

1. (a) Using P(15, 250), we construct the following table: (c) From the graph, we can estimate the
slope of the tangent line at P to be
t Q slope = mpg _a6b -
694250 444 o =333
5 (5,694) e = -0y = —444
444-250 _ _ 194 _ 700+ .
100 U048 ) Bemst =57 = 38 ol \ e
- 130 __ I .
20 | (20,111) | Li=20 - _19 _ _o73g ) ssoy s
g as0t
25 | (25,28) B30 = 222 - 929 3 400
NEES
0-250 250 = 3001 P
30 (30,0) 30—15 — 15 — —16.6 ;(S)g 300
1501
100
(b) Using the values of ¢ that correspond to the points closest 501 f—~o—|
to P (t = 10 and ¢t = 20), we have o s 10(-15”20 2530
t (minutes
—38. —27.
38.8 + (—27.8) — _333
2
3. For the curve y = z/(1 + ) and the point P(1, 1):
(a) (b) The slope appears to be 5.
T Q mpPQ
@i | 0.5 (0.5,0.333333) 0.333333 1

i) | 0.9 | (0.9,0.473684) | 0.263158
(i) | 0.99 | (0.99,0.497487) | 0.251256
(v) | 0.999 | (0.999,0.499750) | 0.250125

™ | 1.5 | (1.5,06) 0.2
(i) | 1.1 | (1.1,0.523810) | 0.238095
(vii) | 1.01 | (1.01,0.502488) | 0.248756

(viii) | 1.001 | (1.001,0.500250) | 0.249875

©y—3=1(x-1or
1
L

y= e+

5. (a) y = y(t) = 40t — 16t>. Att = 2,y = 40(2) — 16(2)? = 16. The average velocity between times 2 and 2 -+ h
. y(2-+h) —y(2)  [40(2+h) —16(2+ h)?] ~ 16  —24h — 16h2 .
ave — B = =24 -1 o ”
1S Vave Grh—2 5 7 6h,if h £ 0
(i) [2,2.5): b = 0.5, vave = —32 ft/s Qi) [2,2.1]): h = 0.1, vave = —25.6 ft/s

(iii) [2,2.05): b = 0.05, vaye = —24.8ft/s  (iv) [2,2.01]: h = 0.01, vave = —24.16 ft/s

(b) The instantaneous velocity when ¢ = 2 (h approaches 0) is —24 ft/s.

33
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1. s = s(t) = t/6. Average velocity between times 1 and 1 + h is

oo = SAHR) —s(1)  (A+h)%6-1/6 _h®+3h°+3h _h*+3h+3 ith£0
T 1+h -1 h - 6h - 6 ’
@ @ [1,3]: h=2 vave = 22 ft/s (i) [1,2]: h =1, vaye = £ ft/s

(iii) [1,1.5]: h = 0.5, vave = &2 fit/s (iv) [1,1.1]: h = 0.1, vaye = 3L ft/s

(b) As h approaches 0, the velocity approaches 2 = 1 ft/s.

(© s @ s
at "
3 N
2 1
It
|
9. For the curve y = sin(10x/z) and the point P(1, 0):
(2)
z Q mpQ z Q mpQ
2 | (2,0) 0 0.5 | (0.5,0) 0
1.5 | (1.5,0.8660) 1.7321 0.6 | (0.6,0.8660) —-2.1651
1.4 | (1.4,-0.4339) | —1.0847 0.7 | (0.7,0.7818) —2.6061
1.3 | (1.3,-0.8230) | —2.7433 0.8 | (0.8,1) -5
1.2 | (1.2,0.8660) 4.3301 0.9 | (0.9,—0.3420) 3.4202
1.1 ] (1.1,-0.2817) | —2.8173

As x approaches 1, the slopes do not appear to be approaching any particular value.

(b) 1 We see that problems with estimation are caused by the

1 frequent oscillations of the graph. The tangent is so steep at

P that we need to take z-values much closer to 1 in order to

'q’%‘ ; J“’{ P /\
0.5 ,«’ ¥ 2
TN get accurate estimates of its slope.
N
/ .

-1

(c) If we choose 2 = 1.001, then the point @ is (1.001, —0.0314) and mpg ~ —31.3794. If z = 0.999, then Q is
(0.999,0.0314) and mpg = —31.4422. The average of these slopes is —31.4108. So we estimate that the

slope of the tangent line at P is about —31.4.
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2.2 The Limit of a Function

1. As z approaches 2, f(z) approaches 5. [Or, the values of f(z) can be made as close to 5 as we like by taking
sufficiently close to 2 (but = % 2).] Yes, the graph could have a hole at (2, 5) and be defined such that f(2) = 3.

3. (a) lim3 f(z) = oo means that the values of f(z) can be made arbitrarily large (as large as we please) by taking =

sufficiently close to —3 (but not equal to —3).

(b) lim+ f(z) = —oo means that the values of f(z) can be made arbitrarily large negative by taking = sufficiently
r—4

close to 4 through values larger than 4.

5. (a) f(z) approaches 2 as z approaches 1 from the left, so lim f(z) = 2.
xz—1—
(b) f(x) approaches 3 as z approaches 1 from the right, so 1im+ f(z) =3.
z—1
(©) lim1 f(z) does not exist because the limits in part (a) and part (b) are not equal.

(d) f(z) approaches 4 as z approaches 5 from the left and from the right, so lin}’ f(z) =4.

(&) f(5) is not defined, so it doesn’t exist.
1. (@) lim g(t) =-1 (b) lim g(t) = -2
t—0~ t—0+
©) }in{l) g(¢) does not exist because the limits in part (a) and part (b) are not equal.
(d) lim g(¢) =2 (e) lim g(t) =0
t—2— t—2+

® thrr% g(t) does not exist because the limits in part (d) and part (e) are not equal.

(@ g(2) =1 (h) lim g(¢) = 3
9. (a) lim7 flz) = —c0 b) lim3 flz) =00 (©) lir% flz) =
L= — T— — z—
(d lim f(z)= —o0 (&) lim f(z) =00
6" z—61
(f) The equations of the vertical asymptotes are z = —7,z = —3,z = 0, and z = 6.
1. 1.5 (@ lm f(z)=1
z—0—
1
YET+ = (b) xgrg+ flx)=0

(©) linb f(x) does not exist because the limits in part (a) and part (b)

-2 2
L J are not equal.
=05
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13. lim f(z)=4, lm f(z)=2
z—3+ z—3~

Jim, f@)=2, f(3)=3. f(-2)=1

e —1-z
17. For f(z) = —
T f(z) T f(=)
1 0.718282 -1 0.367879
0.5 | 0.594885 -0.5 | 0.426123
0.1 | 0.517092 —-0.1 | 0.483742
0.05 | 0.508439 —0.05 | 0.491770
0.01 | 0.501671 —0.01 | 0.498337
o € =1—3 1
It appears that };IE'I}) Q= 05 =3.
z° —1
21. For f(.’l) =S ml
z f(z) z f(z)
0.5 0.985337 1.5 0.183369
0.9 0.719397 1.1 0.484119
0.95 | 0.660186 1.05 | 0.540783
0.99 | 0.612018 1.01 | 0.588022
0.999 | 0.601200 1.001 | 0.598800
6 _
It appears that lim ;T__ll =06=42.
3. lim
z—bt+ T —
25. lim 2-2

z—1 (z — 1)?

ast — 1.

T -2z
15. F = —_
5. For f(x) P B
z f(z) T f(=)
2.5 0.714286 1.9 0.655172
2.1 0.677419 1.95 | 0.661017
2.05 | 0.672131 1.99 | 0.665552
2.01 0.667774 1.995 | 0.666110
2.005 | 0.667221 1.999 | 0.666556
2.001 | 0.666778
A z? -2z = 2
It appears that il—’le. m =06= 3
19. For f(z) = ———'x—;M
z f(=z) z f(x)
1 0.236068 -1 0.267949
0.5 | 0.242641 —-0.5 | 0.258343
0.1 | 0.248457 —0.1 0.251582
0.05 | 0.249224 —0.05 | 0.250786
0.01 | 0.249844 —0.01 | 0.250156
It appears that lin}] %4—2 =025= %.
z—

5 = oo since (x —5) — Oasz — 57 and;cf—5 > 0forz > 5.

= oo since the numerator is positive and the denominator approaches 0 through positive values
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z—1 z—1

21. m—l'iI_I]2+m = —00 since (.’L‘+2) —0Qasz — —2% and m < 0Ofor-2<z<0.
29. lim secz= 1im/ ; (1/cosz) = —oco since cosz — 0asz — (—n/2)” and cosz < 0 for
z—(—w/2)~ z—(—mw/2)~

—r << —n/2.

3. (a) fz) =1/(z* - 1)

z 1(@) z | J@)
0.5 —-1.14 1.5 0.42
0.9 —-3.69 1.1 3.02
0.99 —33.7 1.01 33.0
0.999 —333.7 1.001 333.0
0.9999 | —3333.7 1.0001 | 3333.0
0.99999 | —33,333.7 1.00001 | 33,333.3

From these calculations, it seems that xl_lgl_ f(z) = —o0 and Il_lgh_ f(z) = oc.

(b) If z is slightly smaller than 1, then #® — 1 will be a negative number close to 0, and the reciprocal of 2° — 1, that
is, f(z), will be a negative number with large absolute value. So lim f(z) = —oc.
r—1—

If x is slightly larger than 1, then z® — 1 will be a small positive number, and its reciprocal, f(z), will be a large

positive number. So lim+ f(z) = oo.
z—1

(c) It appears from the graph of f that lim f(z) = —oo and 10
z—1—

mgr?+ flz) = oo. L 1
0] 2

-10
33. (a) Leth(z) = (1 + 2)*/". (b) 6
x h(z) \
~0.001 2.71964
—0.0001 | 2.71842 4 "
—0.00001 | 2.71830 L J
—0.000001 | 2.71828 -2

0.000001 | 2.71828
0.00001 2.71827
0.0001 2.71815
0.001 2.71692

1/z

It appears that lirr%) (14 z)"/® = 2.71828, which is approximately e.

In Section 3.8 we will see that the value of the limit is exactly e.
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35. For f(z) = 2® — (2*/1000):

(a) (b)
& f(z) x f(z)

1 0.998000 0.04 0.000572
0.8 | 0.638259 0.02 | —0.000614
0.6 | 0.358484 0.01 | —0.000907
0.4 0158680 0.005 | —0.000978
0.2 | 0.038851 0.003 | —0.000993
0.1 | 0.008928 0.001 | --0.001000
0.05 | 0.001465

It appears that liII'l) fx) = —0.001.
r—
It appears that lin{) f(x) =0.
x—
37. No matter how many times we zoom in towarc the origin, the graphs of f(x) = sin(w/x) appear to consist of
almost-vertical lines. This indicates more and inore frequent oscillations as @ — 0.

1.2

L
|

-1

\

-0.01 0.01 ~0.0001 , il ‘ &1.;’ I‘lzl o.oom

-2

39. 6 There appear to be vertical asymptotes of the curve y = tan(2sin )

U at v~ £).90 and « =~ £2.2/. To {ind the exact equations of these

asymptotes, we note that the graph of the tangent function has vertical

|
3
3

i \ asymptotes at x = % + 7n. Thus, we must have 2sinz = % + 7,

or equivalently, sinz = % + §n. Since —1 < sinx < 1, we must

have sina = +7 andsox = + sin™! 4 (corresponding o
T~ £0.0).

1

Just as 150° is the reference angle for 30°, m — sin™ 4 1is the reference angle for sin™* - So

1

@ = +(7 —sin” ' ) are also equations of the verrical asymptotes (corresponding to = /s -:2.24).
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2.3 Calculating Limits Using the Limit Laws

1. (@ lim [£(2) + h(@)] = lim f(2) + lim h(a) ® lim (/@) = [lim f(z)] = (-3)* =9
=-3+8=5
., = i as 11 1
© lim {/h(z) = \/ lim h(z) = ¥8=2 @ lim =5 f(:z;) Im f(@) ~ -3 3
 f@ Imf@) 3 o) lmgl@) o
©Beh@ " imh@ "8 O f@ " mi@ 8

(g) The limit does not exist, since lim g (z) = 0 but lim f(z) # 0.
r—a —a

o of@)  _ Imf@) 9 6
W @ - @ ImA() - Im i@  8-(-3) 1

3. lim2(33;4 +2z° —z+1) = 11m 3% + hm2 2z% - lim z -+ hm 1 {Limit Laws 1 and 2]

2

~3hm:c+2 llm:l:—hm :1:+11m1 3]

z——2 T—>—2
=3(-2)*+2(-2)° - (-2)+ (1) [9, 8, and 7]
=48 +8+2+1=59
5. lim (@ -4 (=2 +5z—-1) = lim (z? —4)- lim (3 +5z—1) [Limit Law 4]
- (nm 22 — lim 4) lim o* + 5 lim  — lim 1) [2,1,2nd 3]
z—3 z—3 T— —3
=(3%2-4)-(8%+5-3-1) [7,8, and 9]
=541 =205
. 1432 \* /. 143z \°
L il—»ml(l—i-4w2+3m4> - <;er{ 1+4:1:2+3:1:4) 16]
[ lim(1+32) 3
- lim (1 + 422 +3a:4)] 5]
LT—
lim 1+3 lim = s
- 11m1—|—411m:1:2+3hmlw4 2,1, a0d 3]
[ 1430 P4 /1\® 1
T T +3(1)4] =lg] =\zg) =5 [PEadd
9. lim 16 — 2% = \/ lim (16 — z2) [11]
T—4" z—4—
= /lim 16 — lim z2 2]
z—4— z—4—
=4/16—- (42 =0 [7 and 9]
2 —— p—
M Gim S8 gy @@= oy g =435
2 o — z—2 z—2 z—2

$2—x+6 . . 2
13. lin;—z—-doesnote)ustsmcew—z——»Obuta: —z+6—8asz — 2.
z— z —
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—_— tt-9 i EH3E-3) _ . t-3 _ -3-3 _-6_6

Tt--32t2 4+ Tt+3  t—-3 (2 +1)(t+3)  t>-32t+1  2(-3)+1 -5 5

2 __ 2y _ 2
17, lim &HR" =16 (6+Bh+A) 16, Sh+h _ ., BB+H) = lim(8+h) =8+0=8
h—0 h h—0 h h—0 h—0 h
(1+r)*—=1 . (1+4h+6R" +4R®+h*)~1  4h+6h% +4h® + Rt

19. lim ———— = lim = lim

h—0 h h—0 h h—0 h

2 3
=£m%h(4+6h*};4h el = Jim (4+6h+4h% +1%) =4+0+0+0=1

co9-t . (3+vE)(3-vE)
21'25%3_\/123% - im (3+vt) =3+v9=6

2. lim Vr+2-—3 - lim Vz+2-3 Vz+2+3 - lim (z+2) -
= N a7 -7  Jr+2+3 z->7(x—7)(\/:c+ +3)
= lim e il 1
Tt (@-N(Vz+2+3) \/a:+ +3 f+3 6
1 1 z+4
B A s T T e da(ir ) eads T (=4 - 16
. lim 2 —81 i E=9)@E+9) _ o VZ=3)(/z+3) (@ +9) factorz —9asa
"z=9,/—3 a—9 z—3 = V-3 difference of squares
= lim [(Vz +3) (2 +9)] = (VO+3)(9+9)=6-18 =108
2. 1 ( 1) i LoV gy, (=VIFE) (4 VIHE) _t
= tvVi+t t t20 t\JI+ri  t—0 tVE+I(1+VI+1) taot\/ﬁ(1+\/ﬁ)
= lim -1 — =1 _ _l
=0 /T+¢(14++v/T+t) V1I+0(1+v1+0) 2
3. @ " ®
T f(z)
—0.001 0.6661663
Ve —0.0001 | 0.6666167
-1 | —0.00001 | 0.6666617
L J —0.000001 | 0.6666662
—-0.5
0.000001 | 0.6666672
z 2
- = 0.00001 | 0.6666717
20Ttz —1 3
0.0001 | 0.6667167
0.001 0.6671663

The limit appears to be %



3.

35.

37.

39.

M.

SECTION 2.3 CALCULATING LIMITS USING THELIMIT LAWS O

@ tm (g VI L) | 2OTER )y olVIEEE )
e=>0\\1+3z—1 I+3x+1/) 20 (1+3x)—1 ~ 20 3z

= % lim (vVI+3z+1) [Limit Law 3]
-1 lim(1+43z) 4+ lim 1 [1and 11]
= 3 |/ Hm(1+32) + lin an
1 A :
=—< /11m1+3hm:1:+1> (1, 3,and 7]
3 z—0 xz—0
1
3

(VI+3:0+1) [7 and 8]

=1

Let f(z) = —2?, g(x) = 2° cos 20mrz and h(z) = z°. Then

~1<cos20mz <1 = -z?<z’cos20mz<2? = h

f(z) < g(z) < h(z). So since ll_r% f(z) = ill% h(z) = 0, by the

Squeeze Theorem we have lir% g(z) =0. f

1< f(x) <2®>+2zx+2forallz. Now lim 1= 1and

T——

lim (z®+2z+2) = lim1 2% 42 1im1 T+ lim1 2 = (=1)® + 2(—1) + 2 = 1. Therefore, by the Squeeze

T——

Theorem, lim1 flx)=1
T —

—1<cos(2/z) <1 = —z* <z*cos(2/z) < z*. Since lim, (—z*) =0and lim z* = 0, we have
lim [#* cos(2/z)] = 0 by the Squeeze Theorem.
T

Ifx>—4,then|z+4|=x+4,80 lim |z+4]= lim (z+4)=-4+4+4=0.
z— =47+ z——4t

Ifz < —4,then|c+ 4| = —(z+4),s0 lim Jz+4{= lim —(z+4)=-(-4+4)=0.

4 T4~

Since the right and left limits are equal, lim4 |z +4| =0

= —~5
Ifz>2 then |z —2 =z — 250 lim 222 = Tim 222 — fim 1= 1Ko <2, then
z—2+t T —2 zo2t T —2 g2t
|z —2| = — (z—2),s0 lim =2 oy =D 1= 1 The right and left limits are
z—2~ T — -2~ T —2 27
. .z —2] .
different, so lim does not exist.
z—2 x —2

z—0— T —X x—0—

. Since || = —z for < 0, we have lim (% . ) = lim (l - L) = lim -2—, which does not exist

||

since the denominator approaches 0 and the numerator does not.

L)
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45, (a) b (b) (@) Sincesgnz =1forz >0, lim sgnz = lim 1=1.
i z—0t x—0t
(ii) Since sgnz = —1forz <0, lim sgn z = lim —1=—1.

0 z—0~ -0~
X
(iii) Since lim sgnz # lim sgnz, lim sgn 2 does not exist.
z—0~ z—0+ z—0

(iv) Since |sgnz| = 1 for z # 0, lin%) |sgnz| = lin%)l =1
x— T—

2

. @ () lim Z =L = lim =1 im (z+1)=2 (©) y
’ 21+ ,z‘—l[ —w—>1+ z—1 _z—»1+ - 24 /
2 2
i o 0 —1 . z° -1 :
G R ey ey e VAP = L A 0,
AN
(b) No, lim F(x) does not exist since lim F'(x) # lim F(z). \
z—1 x—1t z—1~
9. (@ @) [z]=-2for-2<z<-1,80 lim [z]= lim (~2)=-2
z-s—2" z——2
(i) [z] = -8 for -3 < z < —2,50 lim2 [z] = lim (—3) = —3. The right and left limits are different,
z——27 r——2"

S0 1im2 [x] does not exist.
B> —
(iii) Jz] = —3for -3 <z < —2, 50 dim [z] = m_1>1£n2.4(—-3) = -3.
® @zl=n-1forn-1<z<n,s0 lim [z] = lim (n-1)=n-1.
z—n" T—n"
@) [z] =nforn<z<n+1,s0 lim [z] = lim n=n.
k z—nt z—nt
(¢) lim [z] exists <> a is notan integer.
x—a
51. The graph of f(z) = [x] + [—=] is the same as the graph of g(z) = —1 with holes at each integer, since f(a) =0
for any integer a. Thus, lim f(z) = —1land lim f(z) = —1,s0 lim f(z) = —1. However,
z—27 -2+ z—2
£@) =21+ [-2] = 2+ (~2) = 0,50 lim f(2) # F(2).
53. Since p(x) is a polynomial, p(z) = ao + a1z + a22? + - - - + a,z™. Thus, by the Limit Laws,
lim p(z) = lim (a0 + w1z + aza® + -+ + ana™)
T—a T—a
=ao + a1 lim z + az lim 2° + - - + a,, lim 2"
T T=a x—a
=ag + a1a + 020 + -+ + ana” = p(a)

Thus, for any polynomial p, lim p(z) = p(a).
T—a
55. Observe that 0 < f(z) < «? for all z, and limé 0==0= lin%) z2. So, by the Squeeze Theorem, lin%’ f(z) =0.
T T— -

57. Let f(z) = H(z) and g(z) = 1 — H(x), where H is the Heaviside function defined in Exercise 1.3.59.

Thus, either f or g is O for any value of z. Then lirr%J f(z) and lirr%) g{x) do not exist, but
z- T—

tim [f (@)g(z)] = im0 = 0.
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59. Since the denominator approaches 0 as z — —2, the limit will exist only if the numerator also approaches 0 as

z — —2. In order for this to happen, we need 1im2 (3w2 +axr+a+ 3) =0 &

3(-2?+a(-2)+a+3=0 & 12—-2a+a+3=0 & a= 15 Witha = 15, the limit becomes

. 32+ 15z +18 . 3(z+2)(z+3) . 3(z+3) 3(-24+3) 3
hm — T = hm - 2 = lim = = —
z>-2 xZ+x-—2 z—-2 (x—1)(z+2) =z--2 z-1 —2-1 -3

=1

2.4 The Precise Definition of a Limit

1. (a) To have 5z + 3 within a distance of 0.1 of 13, we must have 12.9 <52z +3 < 13.1 = 99<52<10.1
= 1.98 < z < 2.02. Thus,  must be within 0.02 units of 2 so that 5z -+ 3 is within 0.1 of 13.

(b) Use 0.01 in place of 0.1 in part (a) to obtain 0.002.
3. On the left side of z = 2, we need |z — 2| < |22 — 2| = 4. On the right side, we need |z — 2| < |22 — 2| = %,
For both of these conditions to be satisfied at once, we need the more restrictive of the two to hold, that is,
|z — 2| < —3—. So we can choose § = %, or any smaller positive number.

5. The leftmost question mark is the solution of /= = 1.6 and the rightmost, v/z = 2.4. So the values are
1.6% = 2.56 and 2.4% = 5.76. On the left side, we need |z — 4| < |2.56 — 4| = 1.44. On the right side, we need
|z — 4| < |5.76 — 4] = 1.76. To satisfy both conditions, we need the more restrictive condition to hold — namely,
|z — 4] < 1.44. Thus, we can choose § = 1.44, or any smaller positive number.

1 |Viz+1-3/<05 <« 25<+4z+1<3.5 Weplotthe 4
, )
three parts of this inequality on the same screen and identify the y=35

z-coordinates of the points of intersection using the cursor. It appears

that the inequality holds for 1.3125 < z < 2.8125. Since y=125
|2 — 1.3125| = 0.6875 and |2 — 2.8125| = 0.8125, we choose
0 < § < min {0.6875,0.8125} = 0.6875.

9. For ¢ = 1, the definition of a limit requires that we find § such that | (4 + z ~ 3z%) = 2| <1 <«
1 <442 —3¢% < 3 whenever 0 < |z — 1| < 6. If we plot the graphs of y = lL,y=4+z—3z3andy =3 on
the same screen, we see that we need 0.86 < ¢ < 1.11. So since |1 — 0.86] = 0.14 and |1 — 1.11] = 0.11, we
choose § = 0.11 (or any smaller positive number). For ¢ = 0.1, we must find 6 such that
(44+2-32%) -2/ <01 & 1.9<4+z—23z*<2.1whenever0 < |z — 1] < 6. From the graph, we see
that we need 0.988 < = < 1.012. So since |1 — 0.988] = 0.012 and |1 — 1.012| = 0.012, we choose § = 0.012
(or any smaller positive number) for the inequality to hold.

4 22
s 3 e W
— y=3 y=2.1
y=1 y=19
0.8 s \ 12 0.98 \ - . . J102
0 8
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z

11. From the graph, we see that 5 > 100 whenever 130

(z24+1)(z—~1) ( l \ ]
0.93 < z < 1.07. Sosince |1 — 0.93| = 0.07 and y =100
|1 — 1.07| = 0.07, we can take § = 0.07 (or any smaller positive

number).

0.8 - 1.2
0

13. () A=7r’and A =1000cm® = 7r?=1000 = r?=1090 -
r=/20 50 ~17.8412cm.

(b)|]A—-1000[ <5 = —5<7r?—1000<5 = 1000—5<7r® <1000+5 =

V8 << 108 o 17.7066 < r < 17.8858. (/2020 — /995 ~ (,04466 and

|/ 2285 — /1090 ~ (.04455. So if the machinist gets the radius within 0.0445 cm of 17.8412, the area will be
within 5 cm® of 1000.

(¢) z is the radius, f(z) is the area, a is the target radius given in part (a), L is the target area (1000), € is the

tolerance in the area (5), and § is the tolerance in the radius given in part (b).

15. Given ¢ > 0, we need § > 0 such that if 0 < |z -~ 1| < §, then
|2z +3)—5/<e.But|(2z+3)—5|<e & [2x-2|<e 51
& 2lz—1l<e & |z—1|<e/2. Soif wechoosed =¢/2,
then0< [z —1] <6 = |(2z+ 3) — 5| < &. Thus,

il—»ml (2z + 3) = 5 by the definition of a limit.

y=2x+3

1-6 1+6
17. Given ¢ > 0, we need § > 0 such thatif 0 < |z -- (—3)| < 6, then y
y:l—4x 13+e
[(1—4z) — 13| <e.But|(l—4z) —-13|<e & H13
13-
-4z -12|<e & |-4|jz+3|<e & |z—(=3)|<e/d ‘
So if we choose § = &/4,then0 < |z — (-3)| < é§ =
|(1 — 42) — 13} < . Thus, lim3(1 — 4z) = 13 by the definition of
a limit.
:3 0 X
3-8 —-3+6

19. Given & > 0, we need § > 0 such thatif 0 < |z -- 3| < 6, then

x 3 1
g—gl<€ < gl$—3l<€ <

|z — 3| < 5e. Sochoose § = 5e. Then0 < |z —3| <6 = |r—3|<5e = |$_5_3|<€ =
.. T 3
g—%‘ <e€. Bythedeﬁmtlonofallmlt,il_{rg%=3.
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21. Given e > 0, we need § > 0 such that if 0 < |z — (—5)| < &, then | (4 — ¥z) - 7| <e¢ &
|-2z-3|<e & 2lz+5/<e & |z—(-5)| < 2e Sochoose§ = 2e. Then |z — (—5)| < § =

|(4—2z) — 7| < e. Thus, Jim_ (4 — 2x) = 7 by the definition of a limit.

23. Given e > 0, we need § > 0 such thatif 0 < |z — a| < 8, then |z — a] < &. So § = ¢ will work.

25. Givene > 0, weneed § > O such thatif 0 < |z — 0] < §,then |[2° — 0| <& <« 2°<e <« |z| < /e Take

§=+&Then0< |z -0/ <6 = |z?—-0|<e. Thus, lim x? = 0 by the definition of a limit.

21. Given e > 0, we need § > 0 such that if 0 < |z — 0| < &, then ||z| — 0| < &. But ||z{| = |z|. So this is true if we

pick 6 = . Thus, liII'l) |z| = 0 by the definition of a limit.

29.Givenz-:>0,wcnecd6>Osuchthatif0<|x—2|<6,then](a:2—4$+5)—1]<s &
|z> -4z +4|<e & |(w—2)2|<e.Sotake6=\/§‘Then0<|:1:—2|<6 &S |lz-2 < &

|(z —2)*| <e. Thus, lim (® — 4z + 5) = 1 by the definition of  limit.

31. Given e > 0, we need § > 0 such that if 0 < |z — (—2)| < 6, then |(z® — 1) — 3| < & or upon simplifying we
need |z® — 4| < & whenever 0 < |z + 2| < é. Notice that if |z + 2| < 1,then -1 <z +2<1 =
—-5<x—-2<-3 = |z—2|<5 Sotake§ =min{e/5,1}. Then0< |z+2| <6 = |z—2|<5and
|z +2| < /5,50 |(2® — 1) = 3] = |(z + 2)(z — 2)| = |z + 2| |z — 2| < (¢/5)(5) = &. Thus, by the definition

of alimit, lim (2% —1) =3.

zT——

33. Givene >0, welet§ =min{2,§}. If0 < |z - 3| < §,then[z -3/ <2 = -2<z-3<2 =

4<z+3<8 = [z+3/<8 Also|z—3|<£,50|2® -9 =|z+3||z—3] <8 £ =¢. Thus,

limz? = 9.
x—3
35. (a) The points of intersection in the graph are (z1,2.6) and (z2, 3.4) p e 7
with 21 ~ 0.891 and z2 ~ 1.093. Thus, we can take & to be the 3 /
smallerof 1 — z; and z2 — 1. So 6 = 22 — 1 =~ 0.093. /
-1 / 2
V4 ' }

(b) Solving 22 4+ z 4+ 1 = 3 4 ¢ gives us two nonreal complex roots and one real root, which is
(¢) — 216+ 108+ 12//336 + 32de + B1e? )*® —12
z(e) =
6 (216 + 108¢ + 12v/336 + 324 1 81e2 ) /°

(c) If e = 0.4, then z(g) =~ 1.093 272 342 and § = z(g) — 1 =~ 0.093, which agrees with our answer in part (a).

. Thus, § = z(g) — 1.
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1. Guessing a value for 5  Given € > 0, we must find § > 0 such that |/z — \/a| < ¢ whenever

0< |z ~a| <é But|y/z—+/a| = Nz—dl < € (from the hint). Now if we can find a positive constant C such

Va+/a
lz—al__ |z~a
VZ ++/a C

restricting  to lie in some interval centered at a. If [z — a| < fa,then—ja<z—-a<ia = la<z<ia

= Vz++a> \/-;-—a ++/a, and so C = \/g; + +/a is a suitable choice for the constant. So

|z — a| < (\/; + \/E) ¢. This suggests that we let § = min{%a, (\/—%_a + \/E)s}.

2. Showing that § works ~ Given € > 0, we let § = min {%a, ( ta+ \/E)s}. If0 < |z —a| <6, then
lz—al< 30 = Vz+a> \/;+\/E(nsinpart1). Also |z —a| < (\/é_a-i-\/E)s,so

i el (VeRtVa)

Suppose that lim f(z) = L. Given & = 1, there exists § > Osuch that 0 < |z[ <& = |f(z)— L] < 3. Take

that \/z + +/a > C then < &, and we take |z — a| < Ce. We can find this pumber by

=z ¢. Therefore, lim +/z = /a by the definition of a limit.
T—a

any rational number  with 0 < |r| < 8. Then f(»') == 0,50 [0 — L| < 1,50 L < |L| < }. Now take any irrational
number s with 0 < |s| < 6. Then f(s) = 1,s0|1 — L| < 3. Hence,1 — L < %,s0 L > }. This contradicts
L<2,s0 lin%) f(z) does not exist.

.
(z+3)!

o |z—(-3) < =

>10,000 & (z+3)*< 5

& jz+3|<

1
10,000 /10,000

. Given M < 0 we need § > 050 that Inz < M whenever 0 < £ < §; thatis, z = €®® < ™ whenever 0 < z < 6.

M

This suggests that we take § = eM 10 < z < e, then lnz < Ine™ = M. By the definition of a limit,

lim Inz = —o0.
z—0+

2.5 Continuity

1.

From Definition 1, lin}l f(z) = f(4).
T

3. (a) The following are the numbers at which f is discontinuous and the type of discontinuity at that number:

—4 (removable), —2 (jump), 2 (jump), 4 (infinite).
(b) f is continuous from the left at —2 since 1im2 f(z) = f(~2). f is continuous from the right at 2 and 4 since
T——2"

lim+ f(z) = f(2) and liril_'_ f(z) = f(4). It1s continuous from neither side at —4 since f(—4) is undefined.
z—2 T—

5. The graph of y = f(z) must have a discontinuity at = 3 and must show that lirgl f(z) = f(3).
y z—3"
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9.

n

13.

15.

17.
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(a) - Cost (b) There are discontinuities at times ¢t = 1, 2, 3, and 4. A
(in dollars)
person parking in the lot would want to keep in mind
that the charge will jump at the beginning of each hour.
(in hours)
Since f and g are continuous functions,

]jn}3 2f(z) — g(z)] =2 };l_rf}s flz) - }:ILI}; g(z) [by Limit Laws 2 and 3]

=2f(3)—g(3) [by continuity of f and g at z = 3]
=2-5-4(3) =10-4(3)

Since it is given that lir% [2f(z) — g(z)] = 4, we have 10 — g(3) = 4,50 g(3) = 6.

4
zl_i*n_llf(a:) = lim (z+ 2933)4 = (xlimla: + 2$1_i'1111:v3> =[-1+ 2(—-1)3]4 = (=3)* =81 = f(-1).

— —

By the definition of continuity, f is continuous ata = —1.
2% +3 lim (2z + 3) 2 lim z + lim 3
2, we have i =l =2 LimitLaw 5] = —2=%—2>2
Fora > 2, we avewgr}lf(x) Jfim —=— T (2 = 2) [Limit Law 5] Y o — Lim 2
r—a r—a z—a
2a+ 3 . . . . .
[1,2,and 3] = —5 [7and 8) = f(a). Thus, f is continuous atz = a for every a in (2, co); thatis, fis
continuous on (2, 00).
f(z) = In|z — 2| is discontinuous at 2 since f(2) = In0 is not ¥ x=2
defined.
\
N
0 x
@) e® if z<0 ’
=
22 ifz>0
The left-hand limit of f ata = 0is lim f(z) = lim e® = 1. The y=x*
z—0— z—0— . 1
y=e

right-hand limit of f ata = 0is lim f(z) = lim z? = 0. Since
z—0 z—0
these limits are not equal, lin%) f(z) does not exist and f is

discontinuous at 0.
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19.

21.

23.

25,

21.

29,

31.

33.

35.
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2

il e if o3 {x_4 if z# -3

fz) = z+3 ,
-5 ifo=—3 (75 Ho=-3 v

So 1i1r_13f(a:) = lilzls(m —4)=—Tand f(-3) = —5.

Since lim3 f(x) # f(—3), f is discontinuous at —3.

F(x) = is a rational function. So by Theorem 5 (or Theorem 7), F' is continuous at every number in

_z
22 + 5z + 6
its domain, {z | 2> + 5z + 6 #0} = {z | (z + 3)(z +2) #0} = {& |z # -3, — 2} or

(=00, -3) U (—=3,~2) U (—2,00).

By Theorem 5, the polynomials 2 and 2z — 1 are continuous on (—o0, 00). By Theorem 7, the root function /7 is
continuous on [0, 0). By Theorem 9, the composite function /2z — 1 is continuous on its domain, [, 00). By
part 1 of Theorem 4, the sum R(z) = z* + +/2z — 1 is continuous on [}, 0o).

By Theorem 5, the polynomial 5z is continuous on (—oo, 00). By Theorems 9 and 7, sin 5z is continuous on
(=00, 00). By Theorem 7, e” is continuous on (--00, 00). By part 4 of Theorem 4, the product of ¢® and sin 5z is
continuous at all numbers which are in both of their domains, that is, on (—o00, 00).

By Theorem 3, the polynomial * — 1 is continuous on (—o0, 00). By Theorem 7, In z is continuous on its

domain, (0, 00). By Theorem 9, In(t* — 1) is continuous on its domain, which is

{t1t*—1>0}={t|t* > 1} ={t|[t| > 1} = (—o0,—1) U (1,00).

1
The functiony = T ells is discontinuous at 2 = 0 because the - e ~
left- and right-hand limits at © = 0 are different.
——_—,/
—4 4
\ J

-1

Because we are dealing with root functions, 5 + 4/ is continuous on {0, 00), v/z + 5 is continuous on [—5, 00), so

_54ya
Vi+az

Because x* — x is continuous on R, the composite function f(x) = e
limlf(m) =fl)=e'"1=¢e’=1
T—

3 2 ifrz<l
f=) = vz ifz>1

By Theorem 5, since f(z) equals the polynomial 2:* on (—o0, 1), f is continuous on (—oo, 1). By Theorem 7,

the quotient f(z) is continuous on [0, 00). Since f is continuous at z = 4, lirr}1 fl@)=f4)=1
Z—

2 oo, .
%" ~% is continuous on R, so

since f(z) equals the root function 1/ on (1, 00). f is continuous on (1,00). Atz = 1,

lim f(z) = lim z*®=1and lim+ flz) = lim+ vz = 1. Thus, lim1 f(x) exists and equals 1. Also,
z—1 x— 1 x—1 xz—1 z—

f(1) = +/1 = 1. Thus, f is continuous at z = 1. We conclude that f is continuous on (—00, ©0).



37.

a.

43.

(.e)
L flz)=q € if0<z<1 (0,2)/
- i (.1)
2~z ifz>1 A
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1+2° ifz<0 ’
flzr)={2-=z fo<z<2 ©,2)
(—2)? fz>2 ©,1)
f is continuous on (—o0, 0), (0, 2), and (2, c0) since it is a polynomial on 0) 2,0) x

each of these intervals. Now mlilg)]_ flz) = l_igl_(l +z?) =1and

zl—i>IOn+ flx) = ZE%1+ (2—z)=2,s0 fis di:continuous at 0. Since f(0) = 1, f is continuous from the left at 0.
Also, ml_lgl_ flz) = ml_lgl_ (2-z)=0, ml_lglJr flx)= zl_igﬁ(w —2)2 =0, and f(2) = 0, so f is continuous at 2.
The only number at which f is discontinuous is 0.

z+2 ifz<0 ’

N

f is continuous on (—o0, 0) and (1, 0o) since on each of these intervals it is / 5 \x

a polynomial; it is continuous on (0, 1) since it is an exponential. Now

lim f(z)= lim (z+2)=2and lim f(z)= lim e®=1,s0fis
z—0~ z—0" z—0t z—0t

discontinuous at 0. Since f(0) = 1, f is continuous from the right at 0. Also lim f(z) = lim e” = eand

z—1— rx—1"

lim+ flz) = lim+ (2 — z) = 1, so f is discontinuous at 1. Since f(1) = e, f is continuous from the left at 1.
z—1 z—1
£ is continuous on (—o0, 3) and (3,00). Now lim f(z) = lim (cz+1) = 3c+1and

z—3~ z—3~

lim+f(m): m+(ca:2~1):9c—~1.Sofiscontinuous & 3¢+1=9%-1 & 6c=2 & c=1.
x—3

i
z—3

Thus, for f to be continuous on (—00,0), ¢ = 3.

—2c-8 _ (z — (x4 2)

$2
(@) f(z) = pou P

has a removable discontinuity at —2 because g(z) = z — 4 is

continuous on R and f(z) = g(z) for z # —2. [The discontinuity is removed by defining f(—2) = —6.]

®) f(z) = l—i%;—l = wl_l_gl_ f(z) = —1and z1_1)1:;1+ f(z) = 1. Thus, alul_lg f(x) does not exist, so the

discontinuity is not removable. (It is a jump discontinuity.)
2®+64  (z+4)(z® — 4z +16)

©) flz) = ey " has a removable discontinuity at —4 because

g(z) = 2% — 4z + 16 is continuous on R and f(z) = g(z) for z # —4. [The discontinuity is removed by
defining f(—4) = 48.]

3-z 3— .z 1
9-z = (3-vz)B+Vz) 3+Vz
]

continuous on R and f(z) = g(z) for z # 9. [The discontinuity is removed by defining f(9) =

@ f(=) =

is

has a removable discontinuity at 9 because g(z) =

1
6
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85. f(z) =z — x* + x is continuous on the interval [2, 3], f(2) = 6, and f(3) = 21. Since 6 < 10 < 21, there is a

number ¢ in (2, 3) such that f(c) = 10 by the Intermediate Value Theorem.

4]. f(x) = z* 4+ = — 3 is continuous on the interval [1,2], f(1) = —1, and f(2) = 15. Since —1 < 0 < 15, there is a
number ¢ in (1, 2) such that f(c) = 0 by the Intermediate Value Theorem. Thus, there is a root of the equation

z* +z — 3 = 0in the interval (1, 2).

49. f(z) = cosx — x is continuous on the interval [0, 1], f(0) = 1, and f(1) = cos1 — 1 = —0.46. Since
—0.46 < 0 < 1, there is a number c in (0, 1) such that f(c) = 0 by the Intermediate Value Theorem. Thus, there is
aroot of the equation cosx — x = 0, or cos z = z, in the interval (0, 1).

51. (a) f(z) = e” + = — 2 is continuous on the interval [0, 1], f(0) = -1 < 0, and f(1) =e— 1= 1.72 > 0. Since

—1 < 0 < 1.72, there is a number c in (0, 1) such that f(c) = 0 by the Intermediate Value Theorem. Thus,
there is a root of the equation e® + z — 2 = 0, or e = 2 — z, in the interval (0, 1).

(b) £(0.44) ~ —0.007 < 0 and f(0.45) ~ 0.018 > 0, so there is aroot between 0.44 and 0.45.
53. (a) Let f(z) = 2% — 2% — 4. Then f(1) = 1° — 12 ~ 4= —4 < Oand f(2) = 2° — 22 — 4 =24 > 0. So by the
Intermediate Value Theorem, there is a number ¢ in (1,2) such that f(c) = c® — ¢ —4 = 0.

(b) We can see from the graphs that, correct to three decimal places, the root is z ~ 1.434.
25 15

1t/ J2 ML/ JI.S

-10 -0.35

55. (=) If f is continuous at a, then by Theorem 8 with g(h) = a + h, we have
lim f(a+h) = f(}im (a+h)) = f(a).
(<) Lete > 0. Since Ain%) fla+h) = f(a), there exists § > Osuchthat0 < |h| <6 =

|fla+h) — fla)l <& Soif0 < |z —a| <8, then |f(z) — fa)| =|fla+ (x—a)) — fa)| <&

Thus, lim f(z)} = f(a) and so f is continuous at a.

57. As in the previous exercise, we must show that %in%) cos(a + h) = cosa to prove that the cosine function is

continuous.

lim cos(a + h) = lim (cosacosh — sinasinh)
h—0 h—0
= lim (cosacos h) — lim (sinasin k)
h—0 h—0

= (pme) (o) - 1) im0

= (cosa)(1) -- (sina)(0) = cosa
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0 if z is rational

59. f(z) = o is continuous nowhere. For, given any number @ and any 6 > 0, the interval
1 if z is irrational

(@ — 6,a + &) contains both infinitely many rational and infinitely many irrational numbers. Since f(a) = Oor 1,

there are infinitely many numbers z with 0 < |z — a| < § and |f(z) — f(a)| = 1. Thus, lim f(z) # f(a).

[In fact, lim f(z) does not even exist.]
T—a

61. If there is such a number, it satisfies the equation z°® +1 =2 < 2% — 2+ 1 = 0. Let the left-hand side of this
equation be called f(z). Now f(—2) = —5 < 0,and f(—1) = 1 > 0. Note also that f(z) is a polynomial, and
thus continuous. So by the Intermediate Value Theorem, there is a number ¢ between —2 and —1 such that

f(c) =0,sothatc = ¢ + 1.

63. Define u(t) to be the monk’s distance from the monastery, as a function of time, on the first day, and define d(t) to
be his distance from the monastery, as a function of time, on the second day. Let D be the distance from the
monastery to the top of the mountain. From the given information we know that w(0) = 0, u(12) = D, d(0) = D
and d(12) = 0. Now consider the function u — d, which is clearly continuous. We calculate that (v — d)(0) = —D
and (u — d)(12) = D. So by the Intermediate Value Theorem, there must be some time #o between 0 and 12 such
that (u — d)(t0) =0 < u(to) = d(to). So at time £ after 7:00 A.M., the monk will be at the same place on

both days.

2.6 Limits at Infinity; Horizontal Asymptotes

1. (a) As z becomes large, the values of f(x) approach 5.

(b) As z becomes large negative, the values of f(z) approach 3.

3. (@ lim2 flz) =00 ®) liml_ flz) =00

© lim f(z)=-oo @ lim f(z) =1

(e) ]jlzl flz)y=2 (f) Vertical: £ = —1, z = 2; Horizontal: y = 1,y = 2
5. £(0)=0, f(1)=1, lim f(z)=0, y

fis odd

1-_
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1 lim2 f(z) = —o0, lim f(z)= oo,

lim f(z)=0, lim+ f(z) = oo,
T——00 xz—0

lim f(z) =—o00
z—0—

9, If f(x) = x%/27, then a calculator gives f(0) = 0, f(1) = 0.5, £(2) = 1, £(3) = 1.125, f(4) =1,

£(5) = 0.78125, £(6) = 0.5625, £(7) = 0.3828125, f(8) = 0.25, £(9) = 0.158203125, £(10) = 0.09765625,

£(20) ~ 0.00038147, f(50) ~ 2.2204 x 10™2, £(100) ~ 7.8886 x 10727,

It appears that lim (z%/2%) =0.

2 _ 2 _ 2
1. lim 3z° —x+4 _ " Bz —z+4)/x

s00 222 + 52 — 8 w00 (222 + 5z — 8) /22

lim (3 — 1/ + 4/22)
lim (2 +5/z — 8/x2)

lim 3 — lim (1/z) + lim (4/2?)
T— 00 XT=>00 T-—00

lim 2+ lim (5/z) — lim (8/2?)

3~ lim (1/z) +4 lim (1/2°)
L0 T—0C

[divide both the numerator and denominator by z*
(the highest power of  that

appears in the denominator)]

[Limit Law 5]

[Limit Laws 1 and 2]

=375 m (1/2) =8 fim (1/23) [Limit Laws 7 and 3]
3-0-+4(0) '
~ 2+ 5(0) - 8(0) f Section 2.
2+ 5(0) — 8(0) [Theorem 5 of Section 2.5]
=3
T2
1/z Jim (1/2) lim (1/2) 0 o

13. lim

=0

1—z—a? (1 -z —2%)/z?

1 . _ _ _ _0
@—o0 22 + 3 =2 (2z+3)/z = lLm (2+3/z) lim 243 lim (1/z) ~ 2+3(0) ~ 2

lim (1/z% —1/z —1)
T——00

L W S e e T

lim (2-—17/z2)
T~ —00

_0-0-1_ 1

lim (1/z%) - lim (1/2)— lim 1
X=—r—00 =>—=00 XT—>—00

lim 2-7 lim (1/z2)
T——00

T——=2

T2=70) 2
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17. Divide both the numerator and denominator by z* (the highest power of 2 that occurs in the denominator).

3 5

z° + 5z 5 : A
. z® + 5z ma . 1+ ) 111{{}0 (1 + m2)

lim —————— = lim = lim e
z—00 223 — 22 +4 2o 22 — 22 44 $—'°°2_l+i i 9 1 4
IC z @3 e _;—FF
1
_ o oSmivslim s 1450 1

lim 2~ lim = +4 lim — 2-0+40) 2

r—00 00 T -0 I

19. First, multiply the factors in the denominator. Then divide both the numerator and denominator by u*.

4t +5 PR
TORNL okt SN sk 1 S S, N .
U—00 ('u,2 2)(2’([,2 = 1) u—oo 2ut — 5u2 + 2 U—00 2'u, — 5'u, +2 u—co 9 i + l
u4 u2 u4
lim 4+—5— lim 4+ 5 L 1
__oamUh)  Bmadsim 4is0)

Maopndl u2 u u—00 u—oo u2 u—00 U

4
_5_2

V9z8 —z V9z6 — ¢ /2 xl_i{lgo V(928 — ) /b

. =1 = ince 2® = /28 f 0
z zli»n;o 3 +1 mlg%o (23 +1)/z3 1im(1+1/a:3) [since 2 a® forz > 0]
lim /9 —1/25 hm 9 — lim (1/z5%)
_ T—00 _ L—00
lim 1+ lim (1/23) 1+0
=00 T—00
=4/9-0=3
VO2Z + 7 — 3z) (V0z2 3 VozZ 1 2)° - (3z)?
23. hm(m 3z)=1i i b ) (V9 & i w)=lim( ? :c) 5%)
z—00 z—00 V92 + x4 3z T—00 V9r2 4+ 4+ 3z
_ (9:1: +z)— 92 L z 1=z

= hm
\/9z2+z‘+3x z— \/9m2+x+3x 1z
1 1

m = lim = = =
E—>°°\/9x2/$2+x/m2+3:1:/z I—'°°\/9+1/:x:+3 Vo+3 343

(Vz? +az — V22 + bz ) (V22 + ax + V2 +bz)

2. lim (V22 +ax— \/x2—|—bm)—1

z—00 Vz? +az + V22 + bz
iy FFo) (@ tbz) [(a—b)z]/x
z—oo /22 + ax + VZ2 F b 7o (\/a:2+a:l:+\/$2+bm)/\/£§
a—2>b a—b a—>b

S itamt iths JiT0ivVIz0 2

21. \/z is large when z is large, so lim /z = oc.

T—00

1m(2_3+34) lim 2 — 511m-——+211m—lz 2 - 5(0) +2(0)

6
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29. lim (z —/z) = lim /z(y/Z — 1) = oo since v/ — oo and /T — 1 — 00 as x — co.

3. lim (z*+2°) = lim «®(% 1) [factor out the largest power of z] = —oo because z° — —o0 and

l/z+1—lasz — —oo.

3, .5 3 5Y/.4
3 i, EEE T g (z+2° +2°)/z

Jm A T, lim m [divide by the highest power of z in the denominator]

- lim /22 +1/z+x = oo
Temoo 1/zt—1/x2 417

because (1/z% +1/z 4+ z) — coand (1/z* —1/2% +1) = 1as z — oo.

35. (a) ~-100 0 (b)
z f(z)

—10,000 | —0.4999625

—100,000 | —0.4999962

—1,000,000 | —0.4999996

~1
From the graph of f(z) = Vz2 +z + 1 + z, we From the table, we estimate the limit to
estimate the value of lim f(z) to be ~0.5. be —0.5.

Vet +l—z (@®+z+1)—2°
¢) lim (Vz?+z+1+4+z)= lim (Vz?+z+14+=z [———— = lim bem———_t—
()x—'—w( ) m—'—oo( ) V2 +z+1-2z z——0 \JgZ4+z+1l—2

i (z +1)(1/z) o 1+ (1/z)
= lim — = lim
eo-co (Vz2+z +1—z)(l/z) 2o- /14 (1/z)+ (1/22) -1
- 1+0 _ 1
—VI+0+0-1 2
Note that for z < 0, we have vz2 = |z| = —a;, so when we divide the radical by z, with z < 0, we get

LT T = -V F 5 ¥ 1= —/T5 (15) F (1/5%).

T
i —_— 1 ————— T Se—— T ——] 1 1 ].2
37. $_l}1:{100m+4 xl{rinoo1+4/m 110 1, so y = 1 is a horizontal - J ]
T
asymptote. li —— =occand lim = —00,80 = —41is
ymp 1:-—)1—11_ r+4 z——at+ T+ 4 —14 6
a vertical asymptote. The graph confirms these calculations. J
N




39.

41.

45,
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lim —w?»_ lim id = 400, so there is
x—too IL‘2 + 3z —10 z—doo 1 + (3/.’L‘) — (10/.7)2) - ’ 40

no horizontal asymptote.

373 3

TR A . SO
oozt 22+ 32 — 10 oo (x+5)(z—2)

g 3
——(x FRTE) > 0 for > 2. Similarly, 11m_ __x2 T3a-10- > L

3 CES

LM Fiap e - oowd lim, e g T oo se

= 00, since 12 10

-40

z = 2 and x = —3 are vertical asymptotes. The graph confirms these

calculations.

1/z N 1

m it

\/— -

41+

" x 1/ 1 1 -5 5
lim = =1,
sm—co Yt + 1 —1/Vz* AT 4 1 —V1+0

1+ 7y

so y = =1 are horizontal asymptotes. There is no vertical asymptote. -12

. Let’s look for a rational function.

n liril f(z) =0 = degree of numerator < degree of denominator
rT—ToC

2) alpli% f(z) = —o0 = there is a factor of z2 in the denominator (not just z, since that would produce a
sign change at z = 0), and the function is negative near z = 0.

3) xl_lgl_ f(z) =00 and zlféh f(z) = —oo = vertical asymptote at z = 3; there is a factor of (z — 3) in
the denominator.

(4) f(2) =0 = 2isan z-intercept; there is at least one factor of (z — 2) in the numerator.

Combining all of this information and putting in a negative sign to give us the desired left- and right-hand limits

92—
givesus f(z) = P(av——m@ as one possibility.

y = flz) = 2%(x — 2)(1 — z). The y-intercept is £(0) = 0, and the z-intercepts y

occurwheny =0 =z =0, 1,and 2. Notice that, since x> is always positive, the

graph does not cross the x-axis at 0, but does cross the z-axis at 1 and 2.

lim z*(z — 2)(1 — z) = —oo, since the first two factors are large positive and the
third large negative when z is large positive. lim z?%(z — 2)(1 —z) = —oo because

the first and third factors are large positive and the second large negative as x — —oo.
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47. y = f(z) = (z +4)°(z — 3)* The y-intercept is f(0) = 45(—3)* = 82,944. y
The z-intercepts occur wheny =0 = x = —4, 3. Notice that the graph does
not cross the z-axis at 3 because (z — 3)* is always positive, but does cross the

z-axis at —4. lim (z 4+ 4)%(z — 3)* = co since both factors are large positive

-4 0 3 x
when ¢ is large positive. lim (z +4)®(z — 3)* = —oo since the first factor is (
r—r—00

large negative and the second factor is large positive when « is large negative.

1 inz 1
49. (a) Since —1 < sinz < 1forall z, —-= < % < = forz > 0. Asz — 00, —1/z — 0 and 1/z — 0, so by the

sinx

Squeeze Theorem, (sinz)/z — 0. Thus, lirn =0.
0O

(b) From part (a), the horizontal asymptote is y == 0. The function
y = (sinx)/z crosses the horizontal asymptote whenever sinz = 0;
that is, at £ = 7n for every integer n. Thus, the graph crosses the

R . ! -25 25
asymptote an infinite number of times.

51. Divide the numerator and the denominator by the highest power of z in Q(x).

(a) If deg P < deg @, then the numerator — 0 but the denominator doesn’t. So lim [P(z)/Q(z)] = 0.
00

(b) If deg P > deg @, then the numerator — =co but the denominator doesn’t, so lim [P(z)/Q(x)] = oo
T—00

(depending on the ratio of the leading coefficients of P and Q).

- A2
53. lim = = lim (4— l) =4,and lim itk = lim (4—|— %) = 4. Therefore, by the Squeeze

00 @€ T—00 T r—co z2 T— 00

Theorem, lim f(z) = 4.

55. (a) tll)rgo v(t) = tlg& " (1 - e_gt/”*) =0"(1-0)=v" 12

(b) We graph v(¢) = 1 — e=%-%% and v(¢) = 0.99»*, or in this case,
v(t) = 0.99. Using an intersect feature or zooming in on the point

of intersection, we find that t = 0.47 s.

6x% 4+ 5z — 3 652 +5x —3
] A, : 8 =17 < 328
57 227 — 1 31 <02 & 28< 527 1 < o

~ P

we graph the three parts of this inequality on the same screen, and y=32

6z2 + 52— 3
2z2 —1

find that the curve y = seems to lie between the lines y=228

y = 2.8 and y = 3.2 whenever > 12.8. So we can choose N = 13 52L ' - — 30

(or any larger number) so that the inequality holds whenever © > N.



59.

61.

65.

67.
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For £ = 0.5, we need to find N such that —(-2) < 0.5 —-20 0

~
J/

Vvaz? +1
z

+1

vaz? +1

& —-25<
z+1

< —1.5 whenever ¢ < N. We graph the

y=-25
three parts of this inequality on the same screen, and see that the \

inequality holds for z < —6. So we choose N = —6 (or any smaller

number).

Viz? +1
z+1

y=-21
z < N.From the graph, it seems that this inequality holds for \
—50 - , . . i /
x < —22. So we choose N = —22 (or any smaller number). =25

Fore = 0.1, we need —2.1 < < —1.9 whenever

(@) 1/2% < 0.000 & 2 >1/0.0001=10000 < «>100 (z>0)
(b)Ife > 0isgiven, then1/22 < ¢ & 2?2 >1/e & z>1//e.Let N =1}/c

Thenz >N = z>—1— =

Ve

~— 00 $2

—1——0 =i<8,so Hm i:O.
$2 :122 T

., Forz < 0,[l/z — 0| = —1/z. Ife > 0is given, then —1/z < ¢ & z< —1/e.

Take N = —1/e. Thenz <N = z<-1/e = |(1/z)-0]=-1/z<esso lim (1/z)=0.

Given M > 0, weneed N > Osuchthatz > N = € > M. Nowe” > M < z>InM,sotake
N = max(1,In M). (This ensures that N > 0.) Thenz > N = max(1,In M) = €° > max(e, M) > M,

so lim €* = oo.
00

Suppose that lim f(z) = L. Then for every € > O there is a corresponding positive number N such that

|f(x) — L| < e wheneverz > N.Ift =1/z,thenz >N & 0<1/z<1/N & 0<t<1/N.Thus,

for every £ > 0 there is a corresponding & > 0 (namely 1/N) such that | f(1/t) — L| < & whenever 0 < t < é.

This proves that lim+ F(1/t) =L = lim f(x).
0 z—o0

57

Now suppose that lim f(z) = L. Then for every £ > 0 there is a corresponding negative number N such that
£——00

|f{x) — L] < e wheneverz < N.Ift =1/z,thenz <N & 1/N<1/z<0 & 1/N <t<0. Thus,for

every € > 0 there is a corresponding § > 0 (namely —1/N) such that | f(1/t) — L| < & whenever —6 <t < 0.

This proves that Lim f(1/t) = L = lim f(z).
t—0~ £=>—00
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2.7 Tangents, Velocities, and Other Rates of Change

Ay _ f@)-fB)

1. (a) This is just the slope of the line through two points: mpg = Ax 3
z T —

(b) This is the limit of the slope of the secant line PQ as @) approaches P: m = lm}% f=) = 5(3) .
z— T —
3. The slope at D is the largest positive slope, followed by the positive slope at E. The slope at C is zero. The slope at
B is steeper than at A (both are negative). In decreasing order, we have the slopes at: D, E, C, A, and B.
5. (a) (i) Using Definition 1,

e i L@ =F@) . f@) - f(=3) . (@ 42) @) . (@+3)(@-1)
z—a T —a z—»—3 z — (-3) z—-3 z—(=3) = s z+3
= zl—l}BS(m -1)=-4
(ii) Using Equation 2,
= lim J@th) —f@) _ . f(=5+ h) F(=3) _ o (3R +2(=8+R1)] - (3)
h—0 h h—-»O h—0 h
. 9—-6h+h*—6+2n—3 h(h—4)_ : _
=i z =T ko=

(b) Using the point-slope form of the equation of a line, an equation of the tangent line is y — 3 = —4(z + 3).

Solving for y gives us y = —4z — 9, which is the slope-intercept form of the equation of the tangent line.
© 4 y=x'+2x 4 4
-3,3) \ -3,3)
(-3,3) 2
—4 2 y=x"+2x
2
y=x‘+t2x A
= —4 y=—4x-9 -

y=—4x—-9 -2 y=—4x—9 0 2

7. Using (2) with f(z) = 1+ 2z — 2% and P(1,2),

flath)—fla) _ .  fOA+h)—f1) [1+20+h) - (1+h)°] -

s h =i h = h
. 14+2+2h—(1+3h+3R*+R%) -2 —A*-3n%—h
= lim = lim —————
h—0 h h—0 h
— 2_ ——
= i PP =8R 1) lim(—h% =3~ ~1) = —
h—0 h h—0

Tangentline: y —2=-1(z—-1) & y—-2=-z+1 & y=—-z+3

9. Using (1) with f(z) =

: ; and P(3,2),

z—1 9 z~1—2(z~2)
o f@)—fa) . ox—2 : z—2 : 3-z
M= z—a o 73 -t z—3 zgg»(a:—2)(m—3)
—1 -1
;%1—2 1

Tangentline: y —2=—-1(z—-3) & y—2=-z+3 <& y=-x+5
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M. () m = lim f@) — f(a) _ lim 2/(x+3)-2/(a+3) - lim 2(a+3)—2(z+3)

e T —a z—a z—a e—a (z —a)(z + 3)(a + 3)
= lim 2ar— 1) = lim —2 Tl
s—e (z—a)(@+3)(a+3)  2-e(z+3)(a+3) (at3)?
. —2 1 . ~2 2
b HDa=-1 = m—m——i (ia=0 = m—-(m)—z-——g
—2 1
(i)a=1 = m=—2_ = =
1 2
13. (a) Using (1), 8) 8
3 _ (3 3 _ 3\ Al
m = lim (2 —4z+1) — (a® —4a+1) . (2° — a®) — 4(z —a)
rz—a r—a r—ra X —a
2 2
— —A(p —
= lim (@ a)(.r g o) i a)=1im (w2+a:c+a2—4)=3a2—4

r—a Tr—a Tr—a
(b) At (1, -2): m = 3(1)® — 4 = —1, 50 an equation of the tangent line is y—(2)=-1z-1) &
y=—a — 1. At(2,1):m = 3(2)* — 4 = 8, 50 an equation of the tangent line is y — 1 = 8 (z-2) &
y =8z — 15.
© -

™ 3

B

15. (a) Since the slope of the tangent at ¢ = 0 is 0, the car’s initial velocity was 0.

-4

(b) The slope of the tangent is greater at C' than at B, so the car was going faster at C.

(c) Near A, the tangent lines are becoming steeper as  increases, so the velocity was increasing, so the car was
speeding up. Near B, the tangent lines are becoming less steep, so the car was slowing down. The steepest
tangent near C'is the one at C, so at C the car had just finished speeding up, and was about to start slowing
down.

(d) Between D and E, the slope of the tangent is 0, so the car did not move during that time.
17. Let s(t) = 40t — 16t2.

i SB —s(@) (406 1667) 16 162 440t —16  —8(2t% — 5t +2)
v =lim =g =l t—2 =4 i—2 = Jim t—2

o B(E—22t—1) _ aay

= lim ——— ") — 8 lim (2 — 1) = ~8(3) = —24

Thus, the instantaneous velocity when t = 2 is —24 ft/s.
slath) —s(a) _ . A(a+h)> +6(a+h) +2 — (4a° + 6a + 2)
) =

19. v(a) = %inh

R0 h
i 20° +120%h +12ah® + 4h° + 6a + 6h + 2 — 4a® — 6a — 2
;) h
2 o 32 3

Sow(1) = 12(1)% + 6 = 18 m/s, v(2) = 12(2)% + 6 = 54 m/s, and v(3) =12(3) + 6 = 114 m/s.
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21. The sketch shows the graph for a room temperature of 72° and a refrigerator temperature of 38°. The initial rate of

change is greater in magnitude than the rate of change after an hour.

Temperature
72 e
) PO -
0 1 i Time
(in hours)
2. (a) (i) [20,23]: 1%—'_—12%’5— =-1.2°C/h T
" 9.0-115 .
(i) [20,22): ~5— = = ~1.25°C/h
10.2-11.5
21 —=——— =-13°
(ii1) (20, 21] 21 =20 1.3°C/h

(b) In the figure, we estimate A to be (18, 15.5)
and B as (23,6). So the slope is

6 —15.5 ol 2 4 6 8 10 12 1

5 1g = ~19°C/hat8:00 M.

N(1997) — N(1995) 2461 — 873 _ 1588

16

25. (a) (i) [1995,1997]: 1997 — 1995 = 5 = 794 thousand/year
" O N(1996) — N(1995) 1513 — 873
(ii) [1995, 1996]: 1996 — 1995 = T = 640 thousand /year
(iif) [1994, 1995]: (13395; = i\g &994) 6 - 572 _ 301 thousand /year
(b) Using the values from (ii) and (iii), we have 942;—301 = % = 470.5 thousand/year.
(c) Estimating A as (1994, 420) and B as (1996, 1275), the slope N 4 (in thousands)
- 24611
at 1995 is el S 427.5 thousand/year i

1996 — 1994 2

1513

18

20 22 24 %

. AC C(105) — C(100 6601.25 — 6500 .
21. (a) (i) Ar ( 102 — 10(0 ) = 5 = $20.25/unit.
.. AC _ C(101) — C(100) _ 6520.05 — 6500 .

(ii) i 01 =100 . 7 = $20.05/unit.

by CQ00-+h) = C(100) _ [5000 +10(100+R) +0.05(100 + h)?] — 6500 _ 20h + 0.05h°

h h
=20+ 0.05h, h %0
C(100 + h) — C(100)
h

So the instantaneous rate of change is }lLirr%)

h

= }lbin})(ZO + 0.05h) = $20/unit.
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2.8 Derivatives

1. v ” o_— The line from P(2, f(2)) to Q(2 + h, f(2+ h))
y=Ffx =
P lf 2+h-£2) is the line that has slope f_(2_—1—h}1_f(2_)
f2) h f2+h)

2+h X

N

3. ¢'(0) is the only negative value. The slope at z = 4 is smaller than the slope at = 2 and both are smaller than the
slope at z = —2. Thus, ¢'(0) < 0 < ¢'(4) < ¢'(2) < ¢’ (—2).

5. We begin by drawing a curve through the y y
origin at a slope of 3 to satisfy f(0) = 0 and 1L
£(0) = 3. Since f'(1) = 0, we will round .
off our figure so that there is a horizontal 1

tangent directly over = 1. Lastly, we make

sure that the curve has a slope of —1 as we
pass over = 2. Two of the many

possibilities are shown.

7. Using Definition 2 with f(z) = 32> — 5z and the point (2, 2), we have

2
/ . - . - -
e JCHR @) . [32+h) —5(2+h)] -2
F(2) = Jim, h S h
12 +12h + 3h* — 10 — 5h) — 2 2
— fim 121207 )22 LT ahtn =
h—0 h h—0 h h—0

So an equation of the tangent line at (2,2)isy — 2 ="7(z —2) ory = Tz — 12.

9. (a) Using Definition 2 with F(z) = 2 — 5z 4 1 and the point (1, —3), we have
F(1+h)—F(1) _ i [(14+h)* —5(1+h)+1] - (-3)

F'(1) = lim

h—0 h h—0 h
. (1+3h+3R2+h®—-5-5r+1)+3 . h*+3h%—2h
—_ hm = 11m e
h—0 h h—0 h
2 —
= lim Bl SeBh=g) lim (h? 4+ 3h — 2) = —2
h—0 h h—0

So an equation of the tangent line at (1, —3) isy — (—=3) = —2(z—1) & y=-2z—1.

(b) 3
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_ 14+h _ gl
Mm@ fQ)= ’{in%) w = lim 3T -3

h R0 h ) ) 34
31+h -3 1
Solet F(h) = — We calculate:
h Fh) || h F(h)
0.1 3.484 || —0.1 3.121
0.9 ~/I : — 11
0.01 3.314 || —0.01 3.278 26
0.001 3.298 | —0.001 3.294 _From the graph, we estimate that the
0.0001 | 3.296 || —0.0001 | 3.296 slope of the tangent is about
32-28 04 ..
We estimate that f/(1) ~ 3.296. 1.06 -094 012 7

13. Use Definition 2 with f(z) = 3 — 2z + 42>,

- 3—2(a+h) +4(a+ h)?] - (3 —2a + 4a?
Fa) = tim L@TM =@ _ oy B0t k) +4a+R)7] ~ (3 2a+4a%)
h—0 h h—0 h
1 (3~ 2a — 2h + 4a® + 8ah + 4h%) — (3 — 2a + 4a®)
=2 h
f— 2 — o
~ fim 2hFBehdh _ A(248atdb) o isatdh) = 2484
h—0 h h—0 h h—0

15. Use Definition 2 with f(¢) = (2t + 1)/(¢ + 3).
2(a+h)+1 2a+1
(a) = lim f(cl»—i-h)—f(a)=1im (a+h)+3  a+3

R0 h h—0 h
— lim (2a +2h+1)(a+3) — (2a+1){a+ h +3)
h50 h(a+h+3)(a+3)
i (20 + 6a + 2ah 4+ 6h + a + 3) — (2a® +2ah + 6a + a+ h + 3)
h—0 h{a+h+3)(a+3)
S5h 5 5

=l =1
im0 h(a+hL3)(a+3) h-0(ath+3)atsd) (ats)?
11. Use Definition 2. with f(z) = 1/+/z + 2.

1 1
- h 2
(@) = 1im flath)—fl@) _ . Vle+h)+2 va+t
h=0 h h—0 h
vat+2-+va+h+2
- lim Yoetht24Va+2 . [vat2-+va+h+2 va+2+Vathi2
_h—>0 h - ’

h~0 | h/a+h+2vVa+2 Va+2++Vaea+h+2
lim (a+2)—(a+h+2)
h=0 h/a+h+2vVa+2(Va+-2+va+h+2)
lim L
h=0 hv/a+h+2vVa+2(Va+2+Va+h+2)
: -1
lim
—0vVa+h+2va+2(Va+2+va+h+2)
1 1

(Va+2)’(va+2) 2(@+2)*?

I
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Note that the answers to Exercises 13 —24 are not unique.

10 _
19. By Definition 2, }Lir% —(th)[——l = f'(1), where f(z) = z*° and @ = 1.
10 _
Or: By Definition 2, 'llin% (L_‘-—h’)z———l = f/(0), where f(z) = (1 +z)*° anda = 0.

21. By Equation 3, lin}) - : 32 = f/(5), where f(z) =2 anda = 5.
23. By Definition 2, lim 203—(”—_%L)i-1 = f'(r), where f(z) = cosz anda = m.
Or: By Definition 2, ’llin}) M—%M = f/(0), where f(z) = cos(m + ) anda = 0.
— 2+h)? —6(2+h) —5] — [22 —6(2) -
2. v(2) = F(2) = lim LCEN =@y [@F WP -6@+H) 5] - [27 - 6@2) - 5]
h—0 h h—0 h
4+4h+h?—12—6h—5) — (-13 e
=11m( Ralldus ) = )=limh h=lim(h—2)=—2m/s
h—0 h h—0 h—0

21. (a) f'(z) is the rate of change of the production cost with respect to the number of ounces of gold produced. Its
units are dollars per ounce.
(b) After 800 ounces of gold have been produced, the rate at which the production cost is increasing is $17/ounce.
So the cost of producing the 800th (or 801st) ounce is about $17.
(c) In the short term, the values of f’(xz) will decrease because more efficient use is made of start-up costs as

increases. But eventually f’(z) might increase due to large-scale operations.

29. (a) f’(v) is the rate at which the fuel consumption is changing with respect to the speed. Its units are
(gal/h)/ (mi/h).
(b) The fuel consumption is decreasing by 0.05 (gal/h)/(mi/h) as the car’s speed reaches 20 mi/h. So if you
increase your speed to 21 mi/h, you could expect to decrease your fuel consumption by about

0.05 (gal/h)/(mi/h).

31. T'(10) is the rate at which the temperature is changing at 10:00 A.M. To estimate the value of T’ (10), we will
average the difference quotients obtained using the times ¢ = 8 and ¢ = 12. Let
T(8) —T(10) 72 —81 T(12) - T(10) _ 88 —81

A= s—10 — =4.5and B = 12— 10 5 = 3.5. Then
yams . T@)—T(10) A+B 45435
T0) = Jim =S ¥~ g 4/

33. (a) S'(T) is the rate at which the oxygen solubility changes with respect to the water temperature. Its units are

(mg/L)/°C.
(b) For T = 16°C, it appears that the tangent line to the curve goes through the points (0, 14) and (32, 6). So
S'(16) = g_z—_—lg e —38—2 = —0.25 (mg/L)/°C. This means that as the temperature increases past 16°C, the

oxygen solubility is decreasing at a rate of 0.25 (mg/L)/°C.
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35. Since f(z) = zsin(1/z) when z # 0 and f(0) = 0, we have

FO+hn)—f(0) - m hsin{1/h) ~ 0
0 h h

F) = lim lim = lim sin(1/h). This limit does not exist since sin(1/h)

takes the values —1 and 1 on any interval containing 0. (Compare with Example 4 in Section 2.2.)

2.9 The Derivative as a Function

1. Note: Your answers may vary depending on your estimates. By Y
estimating the slopes of tangent lines on the graph of f, it appears that

(@) f'(1) =~ -2
© @ ~-1

®) f(2) =~ 0.8 0 \/’ x
@ f'(4) ~--0.5

3. It appears that f is an odd function, so f’ will be an even I A 4
function—that is, f'(—a) = f'(a). ~_
@ f'(-3)~1.5
© f(-1)=0
(e f1)=0
@ f'(3) =15

® F(~2)~1
@ f(0) ~ —4
® f@2)=1

Hints for Exercises 5—13: First plot z-intercepts on the graph of £’ for any horizontal tangents on the graph of f. Look for any corners on
the graph of f — there will be a discontinuity on the graph of £’. On any interval where f has a tangent with positive (or negative) slope,

the graph of f* will be positive (or negative). If the graph of the function is linear, the graph of f* will be a horizontal line.

/N AN oA

s

<

x

fl
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y
O=—C Oo—0 fl
fl
OO O— O OO O—O==O—CO=>
0 X
0 X
0= o0 o—0
15. It appears that there are horizontal tangents on the graph of M for y
y=M(Q)
t = 1963 and ¢ = 1971. Thus, there are zeros for those values of ¢ 0l
0.05
on the graph of M’. The derivative is negative for the years 1963 [\
to 1971. _0‘03][ Y
1950 1960 1970 1980 1990
17. Y The slope at 0 appears to be 1 and the slope at 1 appears to be 2.7.
As z decreases, the slope gets closer to 0. Since the graphs are so
y=flx)=e* similar, we might guess that f'(z) = €”.
__7
—+ +- 0 i =
y
y=fx)
_—/1
—t 5 1 —
19. (a) By zooming in, we estimate that f'(0) = 0, f'(3) =1, f'(1) = 2, L .
and f'(2) = 4.
(b) By symmetry, f'(—z) = —f'(z). So f'(—3) = -1,
f'(-1)=—-2,and f'(-2) = —4.
(c) It appears that f'(z) is twice the value of x, so we guess that
f(z) = 2=.
) = i JETR = F@) (@t k) - 0 =
@F@=m = ="

. (2P+2pz+1%) -2 2mx+h® . h2z+h)
= lim = lim ———— = lim ————=
h—s0 h h—0 h R0 h

= lim(2z + h) = 2z
h—0
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ooy e @R~ f&) . 37-37 .. 0 .
ASE=m T S im Ty T imy T im0 =0

Domain of f = domain of f' = R.

- _ 3. 2 (1 a2
2. f'(z) = ;ILIE}) flz+ h})L flx) _ ,ILIL% [1—3(x +h)h] (1—3z%)
. [1-3(+2zh+h*)]—(1-32%) . 1-32%—6zh—3h* — 1+ 32>
= lim = lim
h—0 h h—0 h
_6xh — 3h2 fm
— Yim b6zh —3h" _ Jim h(—6z —3h) _ lim (—62 — 3h) = —62
h—0 h h—0 h h—0

Domain of f = domain of f' = R.

[(z + )% —3(x +h) +5] — (z° — 3z + 5)

5. o) = i LEEN=I@) _ iy k
. (2® +32°h + 3zh® + h® — 3z — 3h + 5) — (z® — 3z + 5)
= lim
h—0 h
. 32h 4+ 3ch®+h® —3h . h(3z® +3zh —h® - 3)
= lim = lim
h—=0 h h—=0 h

= lim (8z” +3zh + h® — 3) =327 -3
h—0

Domain of f = domain of f' = R.

gz +h) —gl@) _ . VIF2@+h) —v1+2z | /1+2@+h)+VI+ 22
h R0 h \/1+2(m+h)+\/1+2m
. (1 + 2z +2h) — (1 + 2x) . 2 2 1
= lim = lim = =
h_’oh[\/1+2(m+h)+\/1+2w} h=0 142z +2h++/1+2z 2V1+2z +1+2z

21. (=) = lim

Domain of g = [—3, 00), domain of g’ = (-1, 00).

At+h) 4 4t +h)(t+1) -4t +h+1)
29, G/(t)zmw:m (t+h)+h1 t+1 - 1im (t+h+hl)(t+1)
. (422 + 4ht + 4t + 4h) — (4¢° + 4t + 4t)
= a0 hEt+h+1)(E+1)
4h 4 4

= 1. = i =
O T AT DG+ A GFrTDE+D) ~ 1P
Domain of G = domain of G’ = (—o0, —1) U (=1, 00).

- - hyt -t 4 4 AaBh + 622R2 + 4zh3 + hA) — 2t
h~0 h h0 h P 3
3 212 3 4
= i SZREOTR AN TR _ iy (40° + 60%h + 4h? 4 B°) = 427

Domain of f = domain of f' = R,
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B. (a) f'(2) =}11%f_(“’+_hh)—_f(_w) — lim [M—h_ (m-{z-h)} - [x_ @)}

h—0 h
2 2
TN 2z +2(z+ k) 2h
= lim |——=T™ T e Clud ) __
ilzl-l—&) h B [1+ ha(x + h) } I!LI-I-{%J [1+ hx(w+h)]
. 2 2
= b [1+ a:(:z:+h)] =itz
(b) Notice that when f has steep tangent lines, f'(z) is very large. 10
When f is flatter, f’(z) is smaller.
f/
-3 |— —3
— 1/ )
—4

35. (a) U'(t) is the rate at which the unemployment rate is changing with respect to time. Its units are percent per year.

Ut+h)-Ul)  UlE+h)—
h - h

U(1992) - U(1991) _ 7.5—6.8 070

1992 — 1991 1 -

(b) To find U’ (t), we use ’llin}) v) for small values of h.

For 1991: U’ (1991) =

For 1992: We estimate U’(1992) by using h = —1 and h = 1, and then average the two results to obtain a final

estimate.
U(1991) —U(1992) 6.8—-75

_ 4 ~ = AU
h=-1 = U'(1992) 1991 — 1992 ) 0.70;

3 , _U(1993) —U(1992) _ 69-75
h=1 = U(1992) & Sopi oo = 2ol = —0.60.

So we estimate that U’ (1992) ~ £[0.70 + (—0.60)] = 0.05.

t 1991 1992 1993 1994 1995 1996 1997 1998 1999 2000
U'(t) | .70 0.05 -0.70 -065 -0.35 -0.35 -045 -035 -—025 -0.20

32. f is not differentiable at x = —1 or at z = 11 because the graph has vertical tangents at those points; at ¢ = 4,

because there is a discontinuity there; and at z = 8, because the graph has a corner there.

39. As we zoom in toward (—1, 0), the curve appears more and more like 2

a straight line, so f(z) = z + /|z| is differentiable at z = —1. But
no matter how much we zoom in toward the origin, the curve doesn’t

-2 1
straighten out—we can’t eliminate the sharp point (a cusp). So f is V J

not differentiable at z = 0. -1
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M. (a) Note that we have factored z — a as the difference of two cubes in the third step.

. /8 _ 1/3 1/3 _ 1/3
fla) = lim He) = fla) _ lim Z € = lim y w ¢
r—a T —Q z—a T —uq z—a (;[;1/3 — aql/ 3)(1-2/3 + x1/3g1/3 + a2/3)
e 1 _ 1 1_-2/3
= lim 223+ 21/3g1/3 1 g2/3 . 34273 ' 3¢
i v fO+R)—~FO) . VR-0 1 . _ .
(b) f(0) = }llil}) S S }1111’%) n = }]LI_I’% T This function increases without bound, so the

limit does not exist, and therefore f’(0) does not exist.

: . 1 ; : : :
(c) hn}) If'(z)] = lim 35278 = and f is continuous at x = 0 (root function), so f has a vertical tangent
x— @ T

—0
atz = 0.
—(xz—-6) if z<6 6—-2 if <6
B. f(z) =z - 6] = . - 4
z—6 if £>6 z—6 ifzxz>6
’ y=f(x)
lim M:lim w: im $_6=lim1—_—1. 1+ e —
z-—6t z—6 z—6t xr—6 z—6+  — 6 z—61
0 6 x
But lim Mz lim w: lim 6—z 1 =0
6~ z—6 z—6= & —6 z—6— £ — 6
= lim (-1) = -1
x—6"
) — f(6) ) -1 ifz<6
So f'(6) = lim M—i— does not exist. However, f'(z) =
FO) =M= % f 1 ifz>6
Another way of writing the answer is f'(z) = ’—:Z_—(é'

22 ifzx>0

45. (a) f(z) ==z|z| = { (b) Since f(z) = 2? forx > 0, we have f'(z) = 2z for z > 0.

—-z? if z<0
[See Exercise 2.9.19(d).] Similarly, since f(z) = —z2 for
y z < 0, we have f'(z) = —2z forz < 0. Atz = 0, we have
"oy — 1 L&) - FO) Lzl —
f(o)—il—% z—0 _il-{»% z —al:lil'(l)|.’r|—0.
L > So f is differentiable at 0. Thus, f is differentiable for all .
2¢ if 220
(c) From part (b), we have f'(z) = ) = 2|x|.
-2z if z<0
4]. (a) If f is even, then
oy SR () o flo(@—h) - f(x) . fe—h) — f(z)
)= i h = h = jim, h
_ o f@=h) = flz) =y JEtBz)—f(z)
STty b= = T =)

Therefore, f' is odd.
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(b) If f is odd, then
F) = tim FEEER ZFC) o Ao b= fo) o —fle=h)+ ()

) h h—0 h h—0 h

AL

= lim
h—0

[t =@ e pag=—n
~h

Therefore, f’ is even.

49. In the right triangle in the diagram, let Ay be the side opposite angle ¢ and
Az the side adjacent angle ¢. Then the slope of the tangent line £ is

m = Ay/Az = tan ¢. Note that 0 < ¢ < F. We know (see Exercise 19)
that the derivative of f(z) = z° is f'(z) = 2z. So the slope of the tangent

to the curve at the point (1, 1) is 2. Thus, ¢ is the angle between 0 and £

whose tangent is 2; that is, ¢ = tan™ 2 ~ 63°.

2 Review
CONCEPT CHECK

1. (a) lim f(z) = L: See Definition 2.2.1 and Figures 1 and 2 in Section 2.2.
(b) 1im+ f(z) = L: See the paragraph after Definition 2.2.2 and Figure 9(b) in Section 2.2.
(¢) im f (z) = L: See Definition 2.2.2 and Figure 9(a) in Section 2.2.

(d) lim f(x) = oo: See Definition 2.2.4 and Figure 12 in Section 2.2.

(e) lim f(z) = L: See Definition 2.6.1 and Figure 2 in Section 2.6.
T—0o0

2. In general, the limit of a function fails to exist when the function does not approach a fixed number. For each of the
following functions, the limit fails to exist at z = 2.

y
y Y

11 1)
/ 0 2 x — 2 4 x of A izt x

Tt v

-2+
x=2
The left- and right-hand There is an There are an infinite
limits are not equal. infinite discontinuity. number of oscillations.

3. (a)—(g) See the statements of Limit Laws 1-6 and 11 in Section 2.3.

4. See Theorem 3 in Section 2.3.
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5. (a) See Definition 2.2.6 and Figures 12—-14 in Section 2.2.
(b) See Definition 2.6.3 and Figures 3 and 4 in Section 2.6.

6. (a) y = z*: No asymptote (b) y = sinx: No asymptote
(c) y = tang: Vertical asymptotes = § + mn, (d) y = tan™ " z: Horizontal asymptotes y = %
n an integer
(e) y = e”: Horizontal asymptote y = 0 (f) y = Inz: Vertical asymptote z = 0
(zli)lfloo e® =0) ($£r€+ Inz = —00)
(g) y = 1/z: Vertical asymptote z = 0, (h) ¥ = /= : No asymptote

horizontal asymptote y = 0
1. (a) A function f is continuous at a number a if f({z) approaches f(a) as = approaches q; that is,

lim f(z) = f(a).

(b) A function f is continuous on the interval (—oo, 00) if f is continuous at every real number a. The graph of
such a function has no breaks and every vertical line crosses it.

8. See Theorem 2.5.10.
9. See Definition 2.7.1.

10. See the paragraph containing Formula 3 in Section 2.7.

flz2) — f(z1)

11. (a) The average rate of change of y with respect to z over the interval [z1, z2] is —
2 — &1

(b) The instantaneous rate of change of y with respectto z at x = x3 is lim f_(":;)—___g(ﬂl
TQ— T 2 — 1

12. See Definition 2.8.2. The pages following the definition discuss interpretations of f’(a) as the slope of a tangent
line to the graph of f at z = a and as an instantaneous rate of change of f(z) with respect to  when z = a.

13. (a) A function f is differentiable at a number a if its derivative f’ exists at z = a; that is, if f(a) exists.
(b) See Theorem 2.9.4. This theorem also tells us that if f is not continuous at a, then f is not differentiable at a.

© y

0 2 x

14. See the discussion and Figure 8 on page 172.

TRUE-FALSE QUIZ
1. False. Limit Law 2 applies only if the individual limits exist (these don’t).

3. True. Limit Law 5 applies.

5. False. Consider lim z(z —5) or lim sin(z — 5)
z—5 I — z—5 xr —

. The first limit exists and is equal to 5. By Example 3 in

Section 2.2, we know that the latter limit exists (and it is equal to 1).
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1. True. A polynomial is continuous everywhere, so linrt p(z) exists and is equal to p(b).
9. True. See Figure 4 in Section 2.6.
1/(x—1) ifz#1
11. False. Consider f(z) = A ) 2
2 ifex=1
13. True. Use Theorem 2.5.8 with a = 2, b = 5, and g(z) = 4z — 11. Note that f(4) = 3 is not needed.
15. True, by the definition of a limit with ¢ = 1.
17. False. See the note after Theorem 4 in Section 2.9.
EXERCISES
1. : li -3 Dl —0
@@ lim f(z) (i) lim f(z)
(iii) lin_l3 f(x) does not exist since the left and right @iv) lin}1 f(x)=2
limits are not equal. (The left limit is —2.)
v) lin% f(z)=cc (vi) lim f(z) = -0
z— z—2-
(vii) lim f(z) =4 (viii) lim f(z) =-1
(b) The equations of the horizontal asymptotes are y = —1 and y = 4.
(c) The equations of the vertical asymptotes are x = 0 and z = 2.
(d) f is discontinuous at x = —3, 0, 2, and 4. The discontinuities are jump, infinite, infinite, and removable,
respectively.
3. Since the exponential function is continuous, lim1 T el m e = 1.
— -9 iy E+3@=3) . =z-3_ -8-3 -6 _3
"2—-3224+22 -3 «5-3(x+3)(xz—1) e—s-3z-1 -3-1 —4 2
—1)3 h® —3h* +3h—1) +1 3 _ 3p2
7. limM=lim( = ) =limh—M=Iim(h2—3h+3)=3
h—0 h—0 h h—0 h h—0
Another solution: Factor the numerator as a sum of two cubes and then simplify.
—1)3 — 13 +13 =1 +1][(h-1)?~1(h—1)+1°
g D241 (=141 (-1 1 [(A- D - 1(h— 1) 4 17]
h—0 h h—0 h h—0 h
=lim [(h—-1)?-h+2]=1-04+2=3
h—0
9. Tl_rg—(;—_—g?f :oosince(r—9)4——>0asr—>9and(r—_\/—g? > 0forr #9.
. 4A—/s . 4—./s . -1 -1 1
1M lim —%>— = lim ————F——— =1 = ==
06 516  sol6 (Vs +4)(y/s—4) sol6ys+4 i6+4 8
z—8 .
13 o — 8| pop- fx—8>0 {1 ifz>8
-8 |Z(@-8) 4, _gco |1 ifz<8

T —

n
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15.

17.

19.

21,

25.

2].

29,

31
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1—1—722 1+vIi-a? 1-(1-2?% 2

x x
: = lim im = lim ——2— =
z—0 x 1+ /1 —22 Z"Om(l—f-\/l—mz) m—*’m(l—i—vl——ﬁ) #=0 1 4 /1 — x2

lim ﬂ"—mz_ lim (1422 —a?) /o - Jim 1/w2+2/w—1_0+0_1__1
sveol -+ 2% oo (1-2+20?) /22 e l/a®—1jz+2 0-0+2 2

Since z is positive, V2?2 = |z| = .

hm YOOy VEESO/VaE o V19/a7 YIS0 1
zmoo 28 —6  zoo0 (28—6)/z  s—e 2—6/z  2-0 2

lim e73% = 0since —3z — —coasz — coand lim ef = 0.
T—00 t—~co
. From the graph of y = (0052 :c) /x2, it appears that y = 0 is the horizontal 5
asymptote and z = O is the vertical asymptote. Now 0 < (cos az:)2 <1
0 cos® 1 cos? z 1 .
= =< <= = 0L <-—.But lim 0=0and
z? z? z? z? z? z=Foo
. 1 -6 6
lim — =0, so by the Squeeze Theorem, L )
z—+oo 12 —1
cos® x cos?
IiI:il = 0. Thus, y = 0 is the horizontal asymptote. lina = because cos® z — 1 and 2% — 0 as
T r—

z — 0,50 £ = 0 is the vertical asymptote.

Since 2z — 1 < f(z) < 2 for 0 < z < 3 and il—»m1 2z—-1)=1= ii_)n’iwz,wehavealci_)mlf(:c) =1 by the
Squeeze Theorem.

Givene > 0, weneed § > Oso thatif 0 < [z — &| < 6, then |(Tz —27) =8| <e & |7z —35|<ec <«

|z —5| <e/7.Sotake § =¢/7.Then0 < fx —5| <8 = |(7z —27) —8| < e. Thus, il_)r%(hc —-27) =8

by the definition of a limit.

Given € > 0, we need § > 0 so that if 0 < |z — 2| < 6, then |2* — 3z — (—2)| < e. First, note that if |z — 2| < 1,
then —1 <2 —-2<1,500<2z—-1<2 = |z—-1] <2 Nowlet§ =min{e/2,1}. Then0 < |z —2| < §
= |2 =3z —(=2)|=|z-2)z-1)|=|z-2z—1| < (/2)(2) = &.

Thus, lim (2* — 3z) = —2 by the definition of a limit.

(@) f(z) =+v—zifz <0, f(z) =3 -zif0< 2z <3, f(z) = (x—3)%ifx > 3.

() lim f(z)= lim 3~z)=3 (i) lim f(z)= lim -z =0
-0+ z—0+ z—0 xz—0—
(iii) Because of (i) and (ii), lim0 f(z) does not exist. (iv) lim f(z)= lim 3—=z)=0
z— z—3— r—3"
v lim f(z)= lim (z— 3)2 =0 (vi) Because of (iv) and (v), lim f(z) = 0.
z—3+ z—3+ x—3
(b) f is discontinuous at O since Iin}) f(z) does not exist. ©) .

b i . . ‘ 3
f is discontinuous at 3 since f(3) does not exist.

o
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. sin z is continuous on R by Theorem 7 in Section 2.5. Since e is continuous on R, ¥ is continuous on R by

Theorem 9 in Section 2.5. Lastly, « is continuous on R since it’s a polynomial and the product ze*™ © is continuous

on its domain R by Theorem 4 in Section 2.5.

. f(z) = 22° + 2 + 2 is a polynomial, so it is continuous on [—2, —1  and f(—2) = =10 < 0 < 1 = f(—1). So

by the Intermediate Value Theorem there is a number c in (—2, —1) such that f{c) = 0, that is, the equation

2z% + 22 +2 = O has arootin (-2, —1).

(a) The slope of the tangent line at (2, 1) is
— — 2 _ _ 2 . 2 o .
lim M = lim g_lx__l = lim 8—2z = lim 2(x 4) = lim 2(z - 2)(z +2)
z—2 r—2 z—2 r — z—2 T —2 z—2 z—2 z—2 z—2

= lim [-2(z+2)]=-2-4=-8

(b) An equation of this tangent lineisy — 1 = —8(z — 2) ory = —8z + 17.

. (a) s = s(t) = 1+ 2t + t /4. The average velocity over the time interval [1, 1 + h] is

o SAER) —s(1) _1+20+h)+ 1+h)/4-18/4 10n+h® _10+h
T (A+h) -1 h T 4 T 4

So for the following intervals the average velocities are:
@ [1,3]: h=2,vave =(10+2)/4 =3 m/s

(i) [1,2]: h =1, Vave = (10 + 1)/4 =2.75m/s

(iii) {1,1.5]: h = 0.5, vave = (10 +0.5)/4 = 2.625 m/s

@iv) [1,1.11: A =0.1, vaye = (10 +0.1)/4 = 2.525 m/s

(b) When t = 1, the instantaneous velocity is lim w—(l—) = lim -1—0———-+h = —1—9 =2.5m/s.
h—0 h h—0 4 4
oy o F@—F@) o a® -2z -4 12
@O =l =T o ©

. 2
— lim (z 2)(33 +2a:—|—2) — lim (£2+2x+2) - 10 [ / ]
z—2 T —2 z—2 -4

. 4
byy—4=10(z —2)ory =10z — 16 [ / / J

. (a) f'(r) is the rate at which the total cost changes with respect to the interest rate. Its units are

dollars/(percent per year).

(b) The total cost of paying off the loan is increasing by $1200/ (percent per year) as the interest rate reaches 10%.

So if the interest rate goes up from 10% to 11%, the cost goes up approximately $1200.

(c) As r increases, C increases. So f’(r) will always be positive.
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For Exercises 4446, see the hints before Exercise 5 in Section 2.9.

45. \y /

vin v fle+R)—f@) .. /3-5(x+h)—+3=5z+/3-5(z+h)++/3-bz
. @ o) = Jim == = iy h V3 -5+ h) +v3-5z
[3—5(z+h)] - (3 5x) -5 —5

= lim

= li =
h=0p, (\/3 —5(z+h)+ 3 - 53;) it V3-5x+h)+/3-5z 2/3-5z

(b) Domain of f: (the radicand must be nonnegative} 3 — 5z >0 = 5x<3 = zx¢€ (—oo, %]

Domain of f': exclude % because it makes the denominator zero; x € (—oo, %)

(c) Our answer to part (a) is reasonable because f/(z) is always - 6
negative and f is always decreasing. \f 1
-3 \ 1
—
' \ J
S
-6
49. f is not differentiable: at x = —4 because f is not continuous, at z = —1 because f has a corner, at z = 2 because

f is not continuous, and at x = 5 because f has a vertical tangent.

51. B’(1990) is the rate at which the total value of U.S. banknotes in circulation is changing in billions of dollars per

year. To estimate the value of B’(1990), we will average the difference quotients obtained using the times ¢t = 1985

B(1985) — B(1990) _ 182.0 — 268.2

=1 . L = = 17.24 and
and ¢ 995. Let A 985 — 1990 5 an
B(1995) — B(1990)  401.5 — 268.2
1995 — 1990 5 66. Then
, . B({t)—B(1990) A+C _ 17.24+26.66 _ o
B'(1990) = tlllrggo 1990 B— = 3 = 21.95 billions of dollars/year.

8. |f(z)] < g(x) & —g(z)< f(z)<g(z)and lim g(z) = 0= lim —g(z). Thus, by the Squeeze Theorem,
lim f(z) = 0.

r—a
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.Lett = ¢/z,s0z =1% Thent — lasz — 1,50

3/z 2 _ _
Rt SN S (R V[ (Zeek ) NSRS 25 SRR € N

sl Z—1 131 (- +t+1) 24l LZ4itl 3

Another method: Multiply both the numerator and the denominator by (v/z + 1) (\/3 z? + Yz + 1).

. For—1 <z < §,wehave 2z —1 < 0and2z +1 > 0,502z — 1| = — (22 — 1) and 2 + 1| = 2z + 1.

Therefore, lim (22— U =22+ ZQu-D = Qo)) 0 =42 0y y
x—0 x x—0 X x—0 T x—0
 Since [a] <o < o] + Lwehave B < 2 cBLEL 2 0 Lo Ase o o0,
[=] ~ [=] [z] [z] [z]
1 1 x
z| — 00,50 — — 0and 1 + —= — 1. Thus, lim — = 1 by the Squeeze Theorem.
[=1 [e] B % ol e

. f is continuous on (—o0, @) and (a, o0). To make f continuous on R, we must have continuity at a. Thus,

lim f(z) = lim f(z) = lim 2®= lim (z+1) = o*=a+1 = a®>—-a—-1=0 =
z—at T—ra~ z—at z—a~

[by the quadratic formula] o = (14 /5)/2 ~ 1.618 or —0.618.

- lim f(z) = lim (3 (£(z) + g(@)} + § [f () — g9(2)])

= % lim (£(2) + g(2)] + § lim [f(2) ~ g(2)]

=1.24+%-1=% and
lim g(2) = Iim ([(2) + 9(2)] = f(2)) = him[f(a) +9(a)] = lim f() =2~ § = 4.
So lim [f(2)g(x)] = [lim f(2)] [lim g(@)] = -3 =%

Another solution: Since lim [f(z) + g(x)] and lim [f(z) — g(z)] exist, we must have

lim [/(z) + 9(2)]* = (Jim [£(2) + g(2)]) " and Jim [(2) — 9()}* = (tim [£(2) — (@)]) . s0

lim [f(2) g(2)] = lim § 1([f () + g(@))* = [f (x) — g(x)]?) [because all of the f* and g2 cancel]

T—a

=%(;grgz[f(w)+g(m)]2—;ggl[f(x) g(:c)]) 1(22-12%) =2,

15
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11. (a) Consider G(z) = T'(x + 180°) — T'(z). Fix any number a. If G(a) = 0, we are done:
Temperature at @ = Temperature at a + 180°. If G(a) > 0, then G(a + 180°) = T'(a + 360°) — T'(a + 180°)
= T(a) — T(a + 180°) = —G(a) < 0. Also, G is continuous since temperature varies continuously. So, by the
Intermediate Value Theorem, G has a zero on the interval [a, a + 180°]. If G(a) < 0, then a similar argument
applies.

(b) Yes. The same argument applies.

(c) The same argument applies for quantities that vary continuously, such as barometric pressure. But one could
argue that altitude above sea level is sometimes discontinuous, so the result might not always hold for that
quantity.

13. (a) Putz = 0 and y = 0 in the equation: f(0 + 0) = f(0)+ f(0) +02-0+0-02 =  f(0) = 2£(0).
Subtracting f(0) from each side of this equation gives f(0) = 0.

— h) + 0%k + OR?] —
(b)f’(0)=ggi@_%i(o_):%%[f(o)+f( )+h + ] f(o)
h—0 20 $'

flz+h) — f@) _ e [f(z) + f(R) + z°h + zh?] — f(x)
h

© f'(=) = ill—% h—0 h

2 2
— hmwz lim [L@ +$2+$h] =142
h—0 h h—0 h



