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[1 TECHNIQUES OF INTEGRATION

1.1 Integration by Parts

1.

1n.

13,

15.

LLetu=In(2z+ 1),dv =dz = du=

Letu =Ilnz,dv=2dx = du=dz/z,v= %axz. Then by Equation 2, [ udv = uv — [vdu,

fzlnzdr=1sInz— [ iz%(dz/z) = iz *Inz— 3 [zdr=1"lnz~ 1. 2224+ C
=i’z — 124 C

L Letu =z, dv =cosbaxdr = du=dz,v= l sin 52. Then by Equation 2,

faccosE):z:dx xsm5m—f—s1n5:cax——:rsmS:v—i———cosS:v—l—C’

L Letu =7, dv=¢€"?dr = du=dr,v=2e""% Then

[redr =2re™? — [ 272 dr = 2re’/? — 4e"/? 4 C.

1

 Letu =2% dv =sinmzdz = du=2xdrandv = —= cosz. Then

I=[2?sinmrde = ~La® cosmz + 2 [zcosmadz (*).

NextletU = z,dV =cosmzdr = dU =dz,V = % sin z, so

Jrcosmzdr = tzsinrz— L [sinrzdr = LasinTz + 5 cosmz + Cy. Substituting forfa:cos 7wz dz in (%),
weget I = ~2z%cosmw+ 2 (Lzsinmr + % cosmx + C1) = —%a” cosma + FrsinTe + % cosmz + C,
where C = %Cl.

2
77 +1da:,v~:c. Then
22 dr =zln(2z+1) — /

+1

2z4+1)—1

d
2x+1 x

/ln(2m+1)dm=mln(2m+1)—/2

- 1 - — gl
=zIn(2z+1) /(1 2m+1> dt =aznz+1)—z+ i In@z+1)+C
=1(2z+1) In(2z+1)—z+C

4 4
= = - = dt,v =1t
Letu = arctan4dt, dv =dt = du [T {4y dt Tri62 % v = t. Then

4t
/ arctan 4t dt = t arctan 4t — / 15168

= tarctan4t — £ In(1 + 16¢%) + C

1 32t
dt = tarctan 4t — g / m dt

First let w = (In m)z, dv=dr = du-=2Inz-. i dz, v = x. Then by Equation 2,

I=f(nz)’dz ==z(nz)* -2 fzlnz- 2dz =2(lnz)> — 2 [Inzde. NextletU =Inz, dV =dz =
dU =1/zdz,V =z toget [Inzde =clnz — [z (1/z)dz =zlnz — [dz = zlnz — z + C;. Thus,
I=z(lnz)® —2(zlnz —x + C1) = z(lnx)® — 2zlnz + 2z + C, where C = —2C}.

Firstlet u = sin 30, dv = €*°df = du =3cos36dh, v = 1¢%°. Then

I=[e*sin30dd = %eze sin360 — %fezo cos 30 d6. Next let U = cos 36,

dV =e*df = dU =-3sin30d0,V = 1e* to get

Il e?® cos30d6 = % cos 360 + g J 2% 5in 30 d6. Substituting in the previous formula gives

283



284 T CHAPTER7 TECHNIQUES OF INTEGRATION

I=1e"5in30 — 2e®cos30 — 2 [e*sin30d0 = 1e*sin30 — 3e® cos30 - 31 =

B = 1e*sin30 ~ 3€* cos 30 + C1. Hence, I= 5€°°(2sin 39 — 3 cos 30) + C, where C = £Cj.

17. Let u = y,dv = sinhydy = du = dy, v = coshy. Then
Jysinhydy = ycoshy — [ coshydy = ycoshy — sinhy + C.

19. Letu = t,dv = sin3tdt = du=dt, v= —%cos?»t Then
Jo tsin3tdt = [—3t cos3t|7 + 3 [i cos3tdt = (37 —0) + §[sin3t]] = 3.

N Letu=Inz,dv=2"%dz = du= ; de,v = —z 7% By (6),

2Ingz Inz]? 2, 1]?

—dr = [————} +/ z~ da:=—-ln2+ln1+[ ] =-iln240-1+1=1-1In2

1 T T 1 1 Tl

dy —2 1 —2y

23 Letu=y,d S e Ydy = du=dy,v=—§e . Then

ty 11 _—2y71 | 1 1—2yd_ 1 -2 i -2)_ 1-2 1-2,1_1 3.-2

= [mave oy | e dy = (—3e +0) — 3[e ]0—“56 ~teTHi=i-%
25 Letu=cos 'z, dv=dzr = du= ldr_2,v = z. Then

-z

1/2 Y2 pdr 3/4 1
I= cos tzdr = [zcos'x l/2+ l-£+/ R [——dt],wheret:l—x2
/ [ o+ mm it 2

= dt=-2zde.Thus, I=Z+3% [} t7/2dt=2+ [\/];/4 =24+1-L=1(r+6-3V3).
cosz
sinz
I = [coszIn(sinz)dz =sinzln(sinz) — [ coszdz = sinzln(sinz) — sinz + C.

Another method: Substitute t = sinx, so dt = cosz dz. Then I = f Intdt =tInt —t + C (see Example 2) and
sol =sinz (Insinz — 1)+ C.

2. letw=Inz = dw=dz/z. Thenz =e” anddz =e” dw,so

2]. Letu = In(sinz),dv = coszdz = du= dz,v = sinz. Then

Jcos(Inz)de = [ e coswdw = 3e* (sinw + cosw) + C  [by the method of Example 4]
=1z [sin(Inz) + cos(lnz)] + C

2 " Inz z°
31. Letw = (Inz)*, dv =z*dz = du—2—da: v—? By (6),

2 z° 5 2 e s 2 4
/ m4(lna:)2dm=[—(lnz)] —2/ —Inzdr=%(n2) —0—2/ ?lnwdm.
1 1 1
«®
25

2 44 2 2 44 32 z° 1? 3 1
Thenfl ?lnxdw—[%lnm} —/1 L dz == :In2-0— [125] 1112 (T"m)
So [la*(ln2)*do = 2(In2)* —2(F 2~ &) = (2’ - P2+ .

33. Let w = 1/, 5o that z = w? and dz = 2w dw. Thus, [ sin/Z dz = [ 2wsinw dw. Now use parts with u = 2w,
dv = sinwdw, du = 2dw, v = — cosw to get

LetU = ln:l:,dV——dz = dU——da:V

J2wsinwdw = —2wcosw + [2coswdw = —2wcosw + 2sinw + C

=—24/Zcosy/z +2siny/z + C = 2(sin/z — /zcosvz) + C
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35. Let x = 62, so that dz = 20 df. Thus, f“’ 6° cos(6%) do = f‘/_ 6 cos(6%) - £(20d9) =

V2 iz
Now use parts with u = z, dv = cos z dz, du = dz, v = sinx to get

1[r zcoszdr =} ([zsina];, — [/, sinzde) =3 Lzsinz + cos |,

1
2
1
2

In Exercises 37-40, let f () denote the integrand and F(z) its antiderivative (with C' = 0).

INTEGRATION BY PARTS O

(wsinm +cosm) - (ZsinZ +cosE) =3(r-0—1)—3(5-1+0)

7r/2

zcosx dx.

d:2
3. Letu = z, dv = cosmedr = du = dz,v = (sinwz) /7. Then —
. . . ‘f
/wcosmcdm _ . SinTe / sinme o _ wsinTz cosm: L \
™ ™ 7r N =~
We see from the graph that this is reasonable, since I has extreme values ! -
where f is 0. L
-1.2
39 Letu=2z+3,dv=e"dz = du=2dz,v=e". Then —
(22 +3)e"dz = (2z + 3)e” — 2 [ " dz = 2z + 3)e” — 2" + U =
(2z + 1) € + C. We see from the graph that this is reasonable, since F' 7
has a minimum where f changes from negative to positive. }/-
3.5 {tm =
1 sin 2z
#1. (a) Take n = 2 in Example 6 to get [ sin? z dz = —3% coszsinz + 5 [ 1dz =§——Z—-1-C.
(b) [ sin* zde = —1 coszsin® x + 2 [ sin’ zdz = —§ coszsin® & + §z — Fsin20 + C.

43. (a) From Example 6, / sin” z dz = —;17-‘ coszsin™ tx + P;—I / sin" "2 z dz. Using (6),

m/2 san—1 /2 /2
. cos x sin T n—1 v Fim—
sin"xdr=|— + sin" 2z dz
0 n n 0

_ w/2 _ /2
=(0-0)+ "_nl / sin" 2z dr = = . / sin" 2 ¢ da
0 0

n

(b) Using n = 3 in part (a), we have foﬁ/z sin® zdz = 2 for/z sinzde = [—2 cos z

Using n = 5 in part (a), we have fo"/z sin® xdx = % ;/2

in® —4.2_238
sin®xdr =g - §=

0

'l—g-

/2 _ 2

o

(¢) The formula holds for n = 1 (that is, 2n + 1 = 3) by (b). Assume it holds for some & > 1. Then

/2 R
/ sin®**! ¢ de = 3 4idel (2F) By Example 6,
0

BT 2k 1)

mia 2k 42 [/ 2%+2 2-4-6
. 2k+43 _ 2 241
/0 sin zdz 2% T3 / sin zdr =

 2-4:6--- (2k)[2 (k + 1)]
T3 5.7 Rk+D2(k+1)+1]

so the formula holds for n = k -+ 1. By induction, the formula holds for all n > 1.

85, lety = (lnz)*,dv=de = du= n(inz)™ *(dz/z), v = z. By Equation 2,
f(nz)" dz = z(lnz)"” — [ nz(lnz)**(dz/z) = z(Inz)" — n [(Inz)"" " de.

2k+3 3.5-7--
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47.

48,

51,

53.

55,

51.

59.

Letu = (22 +a?)",dv=do = du=n(2®+a?®)" ' 2zds,v=az Then
J (@ +a?)" do = (2 +0)" —2n [2? (2 + a®)" " do
=o(e®+a’)" ~2n|[ (2® +a%) " do—a? [ (27 +a®)" " da| [sinces? = (2% + %) — o]
= @n+1) [ (22 +a®)" dz =z (22 +a®)" +2na® [ (¢® +a®)""" dz, and

2 " 2
/ (z* +a®)" dz = B (znj—al ) + 22:1-‘{1— i / (2 + aZ)n—1 dx [provided 2n + 1 # 0].

Take n = 3 in Exercise 45 to get
f(nz)®de =2 (Inz)® - 3 [(Inz)?de = z(lnz)® — 3z(lnx)? + 6zlnz — 62+ C [by Exercise 13].

Or: Instead of using Exercise 13, apply Exercise 45 again with n = 2.

Area = f05 ze 0 dy. Letu =z, dv=e"0%®dx =
du = dz, v = —2.5¢"%*" Then
—0.4215 5 _0.4
area = [—2.5ze 0.4 ]0 +25 [e 042y
= ~12.5e72 + 0 + 2.5[~2.5¢704=]°
=-125e7? — 6.25(e™% —1) = 6.25 — 18.75¢™% or 2 - B2

The curves y = zsinx and y = (z — 2)? intersect at a ~ 1.04748 and
b ~ 2.87307, so

b
area = / [esinz — (z — 2)°] dz

= [~zcosz +sinz — 3(z — 2)3]: [by Example 1]
=~ 2.81358 — 0.63075 = 2.18283

V= fol 2nz cos(nz/2)dz. Let u = z, dv = cos(rz/2)dz = du=dz,v= 2sin(rz/2).

V =2n [%msin(%)}: -2 % /01 sin(z;g) dr = 2%(% - O> - 4[—% cos(%f)]:

—44+20-1)=4-&
Volume:f_0127r(1—a:)e"“dx.Letu=1—:c,dv=e_:°dm = du=—dz,v=—e"

V=2r[(1-az)(~e)]°, —2n [° e®de = 2r[(z - 1)(e™*) +e7%]°,

0

= 27 [ze™7] 1

=2m(0 + e) = 2me

3
The average value of f(x) = 22 Inz on the interval [1, 3] is fue = ﬁ / 2 Inzde = ir.
it

Letu =1Inz,dv =2z’de = du= (1/z)dz,v = 32> So
3

Iz[%x?’lnx]i—/ 12%dz = (9ln3 - 0) — [22°]] =9ln3— (3 - 3) =9In3 - 2.
1

Thus, fue = 21 = 1(9In3— 2) =21n3 - 13,
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61. Since v(t) > 0 for all £, the desired distance is s(t) = [ v(w)dw = [; w?e™ dw.
Firstletu = w?, dv =e ¥ dw = du=2wdw,v=—e . Thens(t) = [—wQe_“’] +2 fot we™ Y dw.
NextletU = w,dV =e ™ dw = dJ=dw,V =—e"™. Then

s(t) =t "+ 2([ ] +fye™ dw) =2t + 2(—te_t +0+ [_e-‘W]’;)

=t +2(~te " et +1) =—t’e T  — 2" — 27" +2
=2— e (t* + 2t + 2) meters
63. For I = f“ z f”(a:) dz,letu =z, dv = f’(z)dz = du=dz,v=f(z) Then
I=[af'@)i - [ @) de=4f' @) -1 -f(1) = [f(4) - fFQ)] =4-3—-1.5-(T—2)=12-5-5=2.

We used the fact that '/ is continuous to guarantee that I exists.

65. Using the formula for volumes of rotation and the figure, we see that
Volume = fo wb?dy — [ ma® dy — f (W)]? dy = wb*d — ma*c — falﬂ'[g(y)]2 dy. Lety = f(x), which
gives dy = f'(x)dz and g(y) = x, so that V = 7b°d — ma®c — 7 fa z?f' () dz. Now integrate
by parts with u = 2%, and dv = f'(z)dx = du= 2xdx,v = f(x) and

[Pa? f'(z)dz = [2® f(2)]) = [° 22 f(z) dow = b* £(b) — a® f(a) — [’ 2z f(x) dw, but () — cand f(b) =
= V =mbd — mac — w[bzd ~a%c - [P2xf(a) dm] = [* 2naf () da.

1.2 Trigonometric Integrals

The symbols == and = indicate the use of the substitutions {u = sin z, du == cos z dz'} and {u = cos z,du = —sinz dz},
respectively.
1. [sin®z cos’ zdz = [sin® z cos® z sinzdr = [(1 — cos® z)cos® & sinzdz = [(1 — v?)u’(—du)
= [(u® - Dl du= [(u* —vw?)du=Fu® — 30+ C = fcos’ v — jcos’z + C

3 /4 3 3m/4
3 f ™/4 sin®  cos® x dx —fw;rz/ sin® z cos® © cosmdw—fwfz/ sin w(l—sm x)cosz dx

= (1= w?)du = [P0 — uT)du = [ju - 3ot
= () - (-4 =

5. fcos5zsin4mdm:fcos4xsin4:ccos:1:dm=f(1-sinzm)zsin“a:cosa:dméf(l—u2)2u4du

:f(1~2u2+u4) u4du:f(u4—2u6+u8)du= %uf’—%'u]—!—%ug—i—c
= %sin5m—-$-sin7a;:+%)sin9m+0
[ ™2 cos? 0 df = ”/ ?1(1 4 cos20)d¢ [half-angle identity]
[9+—smze]”/2 1[(z +0) - (0+0)] =z
9. [Jsin*(3t)dt = [ [sm2(3t] = [7[301 cos6t)} = 1 f5 (1 — 2cos 6t + cos® 6t) dt
=% Jo [l —2cos6t + £(1+cos12t)] dt = % (2 —2cos6t + —cosl2t) dt
=1[2t - Lsin6t+ 2—1455in12t]0 =3[ -04+0)-(0-0+0)] =

1
4
7r
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1. [(1+cos6)?df = [(1+2cosf + cos®0)df = 0 +2sin6 + 1 [(1 + cos26) do
=0+2sinf+ 30+ 3sin20+C = 260+ 2sinf + §sin20+ C

13, fo sin* z cos wdm—fo *sin? z (sinz cos2)? do = 7r/41(1—cos2m)(%sin2a:)2 dx
=2 5/4(1—C082$) sin® 2z do = §f0”/4sin 2mdw——§—f"/4sin2 2z cos 2z dx
=& 5/4(1-Cos4x)dc— L[4 sin® 2m]3/4 = L[z - Lsindz — Lsin® 2:5]3/4

=7%(5-0-3)=150B7-9)

15. [sin®z/coszde = [ (1 —cos’z) y/eosasinzdz = [ (1 —v?) u'/? (—du) = [ <u5/2 - u1/2> du

2 §u3/2+0= % (COS.’E)7/2 - % (cosm)3/2+C

u
2 aned 2 vyl
2 cos® x — 2 cosw) y/oosz + C

-3 1— 2 —d _
17. /costtan3wdw:/Md:cé/—(————T-f—)£—u)=/ [—1-{—4 du
cosx U U

=—Infu| + tu® + C = Lcos’z ~ In|cos z| + C

by (1) and the boxed
ST

19. /l-c:gsﬂd:c:/(secm—tanfc)dx=1n|seca:+tana:|—1n|sec:c|—|—C [

formula above it
=In|(secz + tanz)cosz| + C =In|l +sinz|+ C
=In(l+sinz)+ C sincel+sinz >0

Or:/l——sina:dz:/l—sinx.l—i—sin:c dmz/ (1—sin2w)dw :/ coszdr

cos T cosx 1l+sinx cosz (1 +sinz) 1+sinz
. dEw [where w = 1 + sinz, dw = cos z dz]

=hh|wl+C=|l+sinz|+C=In(1+sinz)+C

21. Let u = tanz, du = sec? z dz. Thenfseczmmnmdm—fudu— luQ—l—O'—lta,n%c—i—C

Or: Letv = secx, dv = secx tan x dzx. Thenfsec mtanxdw—fvdv-— 21) +C = —sec 2z+C.
2. [tan’zdr = [ (sec®z — 1) dz =tanz —z -+ C

25, [sec®tdt = [sec't -sec’tdt= [(tan’t+1)*sec’tdt = [(v® +1)°du  [u=tant, du = sec’tdt]
= [ +2u' + 1) du= 3"+ 2’ +u+C={tan®t+ 2tan®t + tant + C

21. f"/s tan® x sec* zdz = fo"/?’ tan® z (tan® z 4 1) sec® z da

= fo\/g u’(u? + 1) du [u = tanz, du = sec® z dz]

-

117
8

=@ +uydu= [fut+ 1P R E =

Nl

— 8

|3

Alternate solution:

fo"/s tan® @ sec* zdx = f0”/3 tan® z sec® xsecx tanz dx = f0”/3(seczm —1)?sec® zsecztanz dx
e ff(uz — 1% du [u = secz, du = sec z tan x dx)
= it~ 2u® + 1)l du = [2(u" - 2u® +u¥)du
= [Lu® — 1uS 1,412 _ 64 111y _ 17
=[50 -+t =(2-F+49) -3+ =4
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3

35
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[ tan® zsecx dz = [tan® zsecztanz de = [ (sec2m ~1) secz tanz dz

= f(u2 —1)du [v = sec z, du = sec z tanz dx]

:%u3~u+0=%s<ac3x—secw+0

. ftanszz:dx = (sec2m - I)Qtanwdw = fsec4gctanxdm — 2 [sec’ztanzdr + [tanz de

W

3.

39.

i,

45,

47,

= [sec® zsecxtanz dz — 2 [tanzsec’ zdz + [ tanz dz

= lsec'z —tan®z + In|secz| + C  [or Lsec* z —sec’ z + Insecz| + C]

3
/ 2243 df = /tan3 fsec* 9df = /tam3 6 - (tan® 0 + 1) - sec” 0 df
= [u(u® +1)du [u = tan 8, du = sec® 6 df]

=f(u5—|~u3)du=—éu‘i—’riu“—i—C:%tan60—|—;1itan40+0

://62 cot? x do = f://: (esc®? x — 1) dz = [—cotz — m]:% =(0-2) - (~V3-Z%)=v3-%

[ cot® a csc® ada = [ cot® a csc® a- cscacot ada = J(csc® @ — 1) csc® - escacot o dox
= [(u® — D)u® - (—du) [u = csca, du = — csc o cot o dar]

:f(uz—u4)du:%us—%u5+0=%Csc"a——%csc5a+0

2

cscx (cscx —cot T -—cscxrcotx 4+ csc” @

I = [ cscxdr = ( )dwz dz. Letu = cscx — cotx
cscx — cotx cscx —cotx

du = (—csczcotz + csc’ z) dw. Then I = [ du/u=In|u| =In|cscz — cotz| + C.

Use Equation 2(b):

[ sinbzsin2zdz = [ 3cos(5x — 2z) — cos(5z + 2z)] dz = % [ (cos 3z — cos Tz) dz

1 1
5 sin 3z — 4 sin7x +C

. Use Equation 2(c):

49.

[ cos7cos50d0 = [ %[cos(78 — 56) + cos(76 + 560)] df = 3 [ (cos 20 + cos 120) df
= 1(1sin20 + % sin120) + C = §sin26 + 55 sin120 + C

2
/1 tan”z mdx:/(coszm—sin21)dx:/0052wdw:%sian—i—C

sec? ¢

Letu = tan(t?) = du = 2tsec?(t”)dt. Then
[ tsec? (£?) tan® (?) dt = [u* (§ du) = fpu® +C = & tan®(t?) + C.

Letu = cosz = du= —sinzdz. Then 11

=

2 A
[sin® zdx = [ (1 — cos® 9:)2 sinzdr = [ (1 —u2)2 (—du) [ 5h jf‘{}f—\F }
i
/ i N
:f(—1+2u2-u4)du=—%u5+%u3—u+0 27 :

3 [
:—%cos5x+§cos z-—-cosx + C V \J

Notice that F is increasing when f (z) > 0, so the graphs serve as a -1

check on our work.
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51. [sin3zsin6zdz = [ 1[cos(3z — 6z) — cos(3z + 6z)) dzx
=1 [(cos 3z ~ cos9z) d
= — sin 3z — — sin9z + C

Notice that f(z) = 0 whenever F' has a horizontal tangent.

83, foe = 3= |7 sin’zcos’ zdx = 3£ [7 sin’z (1 —sin®z) cosz dz
=% [Ju?(1-u?)du  [where u =sinz]
=0

55. For 0 < z < 7, wehave 0 < sinz < 1, s0 sin® ¢ < sinz. Hence the area is
JT% (stnz — sin® ) de = [T/*sing (1 - sin® &) dz = []/% cos® e sinz de. Now letu = cosz =

du = —sinz dz. Thenarea:flouz(—du) fo u’du = [} 3]; 3

57. 1.25 It seems from the graph that foz’r cos® z d = 0, since the area below the

z-axis and above the graph looks about equal to the area above the axis
0 27 and below the graph. By Example 1, the integral is
L \/ J [sinz — } sin® ac] = 0. Note that due to symmetry, the integral of

-1.25 any odd power of sinz or cos z between limits which differ by 2nm

(n any integer) is 0.

[S)

59. V = f:/27rs1n wdz = [, 3(1—cos2z)de = m[jz ~ 4sm2:z:]ﬂ_/2 (2 -0-2+0)="
61. Volume = 7 0"/2 [(1+ cosz)® - 12] dz = wfd"/z (2cosz + cos® z) da

=m[2sinz + § a:+4sm2x]"/ —71'(2+§)=27r+1'43
63. s = f(t) = fo sinwu cos® wudu. Lety = coswu = dy = —w sinwudu. Then

s=-1 f1°°s“’t yidy = -1 [%y?’]i“m = 5 (1 — cos® wt).

65. Just note that the integrand is odd [f(—z) = —f(«)].

Or: If m $# n, calculate

ST sinmzcosnzdz = ["_L[sin(m — n)z + sin(m + n)z|dz

=0

_1[ cos(m—mn)z  cos(m+n)z]”
T2 m-—n m+n

—Tr
If m = n, then the first term in each set of brackets is zero.
67. [7 cosmzcosnzdz = [ 3[cos(m —n)z + cos(m + n)z]dz. If m # n,

1[sin(m—n)z  sin(m+n)z]™ _ R L YE—
—-n m+n |_, ’

this is equal to = 5

I 31+ cos(m +n)zlde = [32]”

sin(m+n)z]™ _
[ 2(m + ) ] T—7r+0—7r.
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1.3 Trigonometric Substitution

1. Letz = 3sech, where0 < O < Form < 0 < 37" Then
dx = 3secf tan 6 df and
[_
Va2 —9=1+/9sec?6 — 9 = /9(sec2 0 — 1) = V9tan?
[/

= 3 |tan 6| = 3 tan @ for the relevant values of 6.

2 _
-3secOtanfdf = § [cosfdf = Lsinf+C = %\/fvw 9 +C

1 1
a;%/m?—gdm—/gsec?@ 3tand

Note that — sec(d + ) = sec 6, so the figure is sufficient for the case 7 < 6 < 3%,

3. Letx = 3tan6, where —5 < 6 < §. Thendz = 3sec? A df and

— NE)
Va2 +9=1/9tan20 + 9 = /9(tan? 6 + 1) = V9sec? 0 x
= 3 |sec 8] = 3sec§ for the relevant values of 6. 6
3

3 3
/\/%_’__ /3 tan® 935@029110=33/tan36sec9d0=33/tanzetanasecade
x
=33f(sec 9—1) 1:a,n€sec0d¢9=33f(u2 —1) du [u = sec, du = sec 6§ tan 0 df]

g)%/2 o
=33(3u ——u)+C’—33( sec® 6 — secl) +C = 33[3(93 -;3) - :v3+9 +C
=1? 49 —9V2+9+4C o i(2®-18) V22 19+ 0
5 Lett=secl,sodt =secftanfdf,t=+2 = 6=2Zandt=2 = 6=73. Then
L e [ cptanvdo= [ o= [ costoas
/\/5 t34/12 —1 b= x4 sec? Otand o © tan __/,,/4 sec? —/,r/4 €08
= [7/2 (1 -+ cos20)d = 30 + 3 sin20] /%
=35 +44F)-G+3 )] =3(5-2-1)=m+¥ -4
1. Letz = 5sin 0, so dz = 5 cos 8df. Then
1 5
-~ 5cosfdf
m2\/25—m2 /52sm 26 .5cos0 €08 x
=L [csc?0d0 = — cot 0 +C g
25— x*

1/ ___2
25—z T Lo

25 T
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9. Letz = 4tan 8, where - <0< %. Then do = 4sec? 6d0 and

Va2 +16 = V16tan? 0 + 16 = 1/16(tan? 6 + 1) V2 +16 N
= V16sec?§ = 4 [sec )|
= 4 sec§ for the relevant values of 6. o 2
/ =T = / 4szle§ec60d0 /sech@ =1Inlsecf + tan | + Cy
b 2?16 +C’1 In|vVa? +16+ 2| —In 4] + C;
= In(m+ m) + C, where C = C1 — In4.
(Since vz2 £ 16+ > 0, we don’t need the absolute value.)
1. Let 22 = sin §, where ~53 <0< 3. Thenz = %sin@,
dr = %cos@dﬁ, and /1 — 422 — 4/1— (23:)'"): = cosf. 1 2%
SVI—422dz= [cosO (% cosf) df = 1 [ (1 +cos26) dd ]
=1(0+ 3sin20) + C = L(9 +sinbcosh) +C Vi-ad

=1 [sin_l(Qa:) +22/1- 4z—2]'+ o

1. Letz = 3sec, where 0 < 6 < T orm < 6 < 2Z. Then
dr = 3secOtanfdf and v22 — 9 = 3tand, so x N
\/:52_ 3tand 1 [ tan0
/ /—__27se 303se06tan9d9— 3/————Sec20d6’ 9 .

=3 [sin®0do=1[1(1-cos20)db = 30— 5sin204+C = 50— %sinfcosf 4 C

() - B o ()20

6 3 T 2x2
15. Letz = asiné, where —% < 0 < Z. Then dz = acos 6 df and
2 2 2 a
/ z“dzr :/a sin“ @ a cos 8 df =/ta,n29d9 x
(a® — $2)3/2 ad cos3 6
[
=/(sec26—1)d0=tan0—9—i—0 2 — x2
T

. ~1 %
=——=—-sin - +4+C
(12—.'1'2 a

17. Letu = 2% — 7, so du = 22 dz. Then /

T %/%%%Qﬁw:w?—?w.
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19. Let z = tan 6, where —Z < ¢ < %. Then dz = sec® 6 df

and v/1 + 2 = sec§, so 1+x2
x
/ 2
/—lf—?—dxz SeC9sec29d9=/f’ﬂ(1+tan2a)d9
z tanf tand 9
= [(csc + sec @ tanb) dd t
=In|cscld — cotB| +secd + C [by Exercise 7.2.39]
/ 7 i 2 /
=ln‘ 1:m_~i +__1in +C=I 1+; ‘+\/17r—m—2+0

2. Letu=4—92> = du=—18xdz. Thenz® = § (4 —u) and

f02/3 234 — 922 dz = f $4- w)ul/? (~55) du= 15 f04 <4u1/2 —-u3/2) du

[é 3/2 _ 2 5/2}4__1_ 64 _ 64 64
—FU -

0“162[3 5]:1215

—ale
162

Or: Let 3z = 2sin 8, where —5 < 0

IN
NIE]

B.5+4r 2> = (2 —dz+4)+9=—(z—2)° +9. Let
x —2=3sinf, -5 < 8§ < §,s0dxr = 3cosf df. Then 3

x—2
JVi+idz—a?de = [/9—(z—2)2dz = [+/9—9sin®H3cosHdf
= [V9cos203cos6df = [ 9cos® db J
§ V9~ (x—2)?
:Ef(l,—I—COSQ@)d@——-2-((9—{—2511129)—%—(' Y
=20+ 2sin20+C = 20+ 2(2sinfcosh) + C
9 . qfz-2 9 z—2 4544z —2?
= 5 sin ( 3 )-1—2 3 3 +C
9 . _fz—2 1
= 5 sin 3 ) —2-:10—2)\/5—{—432-—902—1—0
25. 922 + 62 — 8 = (3z +1)% — 9, soletw = 3z + 1, du = 3d Th/ do 1du N
T T — 8 = (3z —9,s0letu = 3z u = 3dz. Then ow
\/9w2+6:v—8 Vu? —
1etu=3sec0,wher60§9<50r7r§9<%.Thenduz3sec9tan9d9and\/u2-— =3tan9,so
3 du secftan6df _ 1 u+\/u2—-9
/\/uz— Y % [secfdf = $ In|secd +tanf| + C; = —— ‘—Q—Cl

zlln‘u+\/u2—9‘+C=—§lnl3m+1+ 9m2+6w—8l+0

21. 2 + 22 +2 = (z+1)* + 1. Letu = 2 + 1, du = dz. Then

dx . / du _ / sec? 6d6 where u = tan 8, du = sec? 8 d0,
(@2 +20+2)?% J (W +1)? sect @ and u? 4+ 1 = sec?

= [cos®0df = [ (1+ cos26)df = 3(6 +sinfcosb) + C
-1 Yu L s _ztl
_Q[tan 4—1+ ]+C—2[tan (m+1)+m2+2x+2}+0
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29. Let u = 22, du = 2z dz. Then
where © = sin 8, du = cos 6 d0,

V1 —ztder = [V1—u2(Ldu) =2 [cos@-cos@db
/ / (2 ) Zf and v/1 — u? = cos
= %fl (14 cos20)df = 36+ §sin20+ C = 36 + ;sinfcosf + C

"u+ juvl—uw? + C = sin7!(2?) + 12°V1 21+ C

1 SlIl

31. (a) Letz = atan 6, where — 5 < 8 < %. Then vz2 4 a? = asec and-

a

+Cy

vz2+a?2 =z
o+

dx asec’ 9 do
/WZ/ 25000 /sec@d() In|secd +tanf| + C1 =

=ln(a:+ w2+a2) +C where C =C; —In|al

(b) Let x = asinht, so that dz = a coshtdt and v/z2 + a? = acosht. Then
acoshtdt — 4O —=sigh~! % e

dz
/,/g;2+a,2 _/ acosht

33. The average value of f(z) = v/z2 — 1/z on the interval [1, 7] is
\/— tan @ where x = sec 8, dr = secf tan 8 df,
/ =3 / -secftan 0 df

sec Vz? —1=tan6,and @ = sec™17
=3 Jo tan® 0d6 = % [*(sec® 6 — 1) df
=3[tan9—9]0 = ¢(tana — a)

= %(\/Zﬁ —sec™?! 7)

35. Area of APOQ = 3(rcos6)(rsin6) = 1r”sinfcosf. Area of region PQR = L cos o VT2 — 22 da.

Letz =rcosu = dz = —rsinuduforf <« < 7. Then we obtain

JVr? —2?dz = [rsinu(—rsinu) du = —r* [sin® udu = —3r°(u — sinucosu) + C

=-1rfcos N (z/r) + 3z /2 — a2+ C

SO

Tcos 6

area of region PQR = 3 [—r2 cos Hz/r) + /12 — 22 ] "

=1[0- (—1‘ 6 +rcosfrsinb)|

(NI NIH

r26 — 57‘ 2sinfcos @

and thus, (area of sector POR) = (area of APOQ) + (area of region PQR) = 3
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37. From the graph, it appears that the curve y = 22v/4 = 2 and the line 4
y = 2 — z intersect at about x = 0.81 and = = 2, with z2V/4—22>2—2o0n
(0.81, 2). So the area bounded by the curve and the line is A ~
f02.81 [z*°Vi—2?—(2— z)| do = f02.81 224 = x? dx —

To evaluate the integral, we put z = 2sin g, where —3 < 0 < 12’— Then

dz =2cosfdf,z =2 = O=sin'1=2%ande=081 = 6=sin"'0.405~ 0.417.So0
[P VEi— 22 de~ [ 417 45in? 0 (2 cos 0)(2 cos 6 df) = 4f0774127 sin?20 df = 4f"if7 1(1 — cos46) do
—2[0 — Lsin46]7/2 =2[(Z - 0) — (0417 — £(0.995))] ~ 2.81
Thus, A~ 2.81 — [(2-2— 1 -2%) — (2-0.81 — 5 - 0.81%)] =~ 2.10.
39. Let the equation of the large circle be z* -+ y* = R?. Then the equation of the small circle is 224+ (y—b)? =r?

where b = v/ R2 — r2 is the distance between the centers of the circles. The desired area is
A=[" [(b+Vr?—a?) - VR? —2?]de =2 [, (b+vr? — 2% - VR? —z?) dz
= 2f0rbd:c + 2fOT VrZ —g2dz — 2er VvVR? —x2dx

The first integral is just 2br = 2r v/ R? —72. To evaluate the other two integrals, note that

[Va?—2%dz= [a®cos’0df [z =asind, de=acosfdf] = 1a® [ (1 + cos26) df

=1a®(0+35in20) + C = }a %(6 + sin O cos ) + C

2 2 2

= %—arcsin(g) + %— (E) va? - 2% +C = CL?arcsm( ) +=va2—-224+C

a a

so the desired area is
A=2r+/R?—12+ [7"2 arcsin(z/r) + x /1?2 — 22 }; - [R2 arcsin(z/R) + =/ R? — wﬂr
0
R? —r2 4 Tz(%) - [Rz arcsin(r/R) +r+/ R? — rz] =rvVR?—r2+ 3 2,2 — R? arcsin(r/R)

1. We use cylindrical shells and assume that R > r. o> =72 — (y — R)> = z=+/r2—(y— R)%, 50
g(y) =2/r*— (y — R)* and

= [ omy 2/rF = (y— R)Pdy = [ 4n(u+ R)Vr® —udu [whereu =y — R]

in the second integral

—dr [T u T~ du+ ArR [ VT =i du [wherey:rsine, du = r cos6df

:47r[—%(r2—u2)3/2] +4rR [T e ,mcos’ 8df = —%(0 - O)—i—47err’2f7r/2 cos® 8df

—2mRe? [72 (14 cos 20) df = 2w Rr®[0 + 3 sin20]™" ) = 2n* Ry

Another method: Use washers instead of shells, so V = 87 R [ /72 — 42 dy as in Exercise 6.2.61(a), but evaluate
0

the integral using y = rsin 6.
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1.4 Integration of Rational Functions by Partial Fractions

2z A B

1. =
@ e T3)EarD) 213 3w+l
1 1 1 A B C
b = = = — ——— —————
()m3+2w2+m (@2 +2z+1) z(z+1)2 m+9:+1+(3:+1)2
2 2 A B
3. (a) = -

22+ 3z —4 (cc+4)(ac—1)=at+4 z-1

22 A Bx +C
(z-D(x2+2+1) z-1 2z2+z+1"

(b) 2% + z + 1 is irreducible, so

4 4
z (*—1)+1 1 _ 1
5. (a) e e v =1+w4—1 [or use long division] =1+—(-a:2—_1m
1 A B Cz+ D
T e D )@+D T a1 TariT 21
®) t*+t*+1 _ At+B  Ct+D  Et+F

B+ 1D)E2+4)2 2+1  £2+4 7 (12 4)°

7./ z dw:/wdmz/ 1+—6— dr=z+6ln|z-6+C
z—6 z—6 z—6

z—9 A +
"(z+5)(z—-2) z4+5 =
Substituting 2 for x gives =7 = 7B < B = --1. Substituting —5 for = gives —14 = —7A < A = 2. Thus,

z—9 2 _1
T2+ Bz —9) %= =21 —Inle —
/(:c—f—5)(ac—2)dm /(m+5+m_2)dw nlz+5 —Inlz-2/+C

1 1 A B
. = . Multiply both sides b — 1)t
21 Gil@-1 :E+1+:1:—1 Tultiply both sides by (z + 1)(z — 1) to get
1 = A(z — 1) + B(z + 1). Substituting 1 for z gives1 = 2B < B = 1.

Substituting —1 for z gives 1 = —2A < A = —3. Thus,

3 3
1 -1/2  1/2 . . 3
L p‘:zdx=/2 <m+m>dw=[-~§lnlw+ll+5ln|x—1llz

=(-3In4+3102) - (-3n3+3In1) = (In2+1n3 —Ind) [or{In}]

ar ar a

22+ 3 A B
15. = + = 2z+3=A(x+ 1)+ B. Take z = —1 to get B = 1, and equate
@+ o+l (2117 ‘ (o) & q

coefficients of  to get A = 2. Now

1 oz +3 r 9 1 1 7?
T dr = ——lde =21 1) — ——
/o @r12” /0 [m+1+(x+1)2} ¢ [ M) -],

=2In2—1 - (2ln1-1)=2In2+ 1

?2. Multiply both sides by (z + 5)(z — 2) to getz — 9 = A(z — 2) + B(z + 5).

1.
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42 -Ty—-12 A B C 3
. ==+ + = 4y” —Ty—12=A(y+2)(y — 3) + By(y — 3) + Cy(y + 2).
Twidw=3) u y+r2 g3 y =Ty (y+2)(y—3)+Byly—3)+ Cy(y +2)

Setting y = 0 gives —12 = —64, so A = 2. Setting y = —2 gives 18 = 10B, so B = $. Setting y = 3 gives

3=15C,s0C = . Now
2 4,2 2
4y — Ty — 12 /(2 9/5 1/5) o 1 12
————dy = -+ —— 4+ —— dy = 2Injy|+ s In|ly+2|+ zln|ly—3
/1y(y+2)(y—3) 4 1 \¥y y+t2 y-3 y=[2Infyl+Zlnly+2/+ 3y 3
:2ln2+—glnl'l+%ln1——21n1—%ln3—%ln2
=202+ Ln2-tn2-fm3=Fm2~2In3=2BIn2-In3)=2In$

19 1 __A B C
“(e+5)°(x~1) z+5 (2457 z-1

z=—bgivesl = —6B,50 B = —%. Setting x = 1 gives 1 = 36C,so C = %. Setting z = —2 gives

= 1= A(z+5)(xz~1)+ B(x— 1)+ C(x -+ 5)°. Setting

1=A(3)(-3)+B(=3)+C(3%°) = —9A—-3B+9C =94+ + = -94+2,5094A = —] and

1
A = —35. Now

1 - -1/36  1/6 1/36 _
/(x+5)2(m—1)d /{x+5 (m+5)2+:c—1 d

1 1 1
=——1 ———+ =z -1|+C
% nlm+5|+6(m—l—5)+36 nlz—1]+
502 +8z—~2 5z°+3x—-2 A B C . :
. = = — + — + ——. Multiply b
21 2+ 223 @t D - w2+m+2 ultiply by z*(z + 2) to get
522 + 3z — 2 = Ax(z + 2) + B(x + 2) + Cz?. Setz = —2 to get C = 3, and take = = 0 to get
B = —1. Equating the coefficients of 2% gives 5 = A+C = A= 2. So
52° + 3z — 2 2 1 3 1
= T Cdr= ey ——]dz = — 1 2 .
/ et /(m w2+m+2> z=2nfo| + 2 +3lnfo+2|+C
23 g __ 4 + o + Multiply by (z + 1) to get 2® = A(z + 1)* + B(z +1) + C
"(z+1)2 z+1 0 (z+1)2 0 (z+1)3 '
Setting z = —1 gives C = 1. Equating the coefficients of z* gives A = 1, and setting = == 0 gives B = —2.
2
z° dz 1 2 1 2 1
oW (x+1)3 /Lc—f—l (m—|—1)2+(m+1)3] e L |+a:+1 2(ac+1)2Jr
25, Ll 4 L C. Multiply both sides by (z — 1)(z* + 9) to get

G-D@19 z-11 2249
10 = A(z® + 9) + (Bz + C)(z — 1) (*). Substituting 1 for x gives 10 = 104 <« A = 1. Substituting 0 for z
gives10 =94 —C = C =9(1) — 10 = —1. The coefficients of the z>-terms in (*) must be equal, so
0=A+B = B =-—1.Thus,

/ 10 dw_/ 1 —z-1 dm_/ T T U
(¢ —D(x2+9) z—1 2249 N x—1 2249 2249
=lnjz— 1} - ;In(z* +9) Detu=2z*+9] — 2tan™' (Z) [Formula 10] + C
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w3+w2—|—2m+l_Am+B Cax+ D
T (@A) (=2 42) 2241 z2 42
2’ +a® +2r 4+ 1= (4z+ B)(2* +2) + (Cz + D)(z* +1) <

x3+1:2+2m—i—1:(Aw3+Bx2+2Am+QB)+(C’ac3+D9:2+Ca:—|-D) =

21 . Multiply both sides by (2% + 1) (¢* + 2) to get
g

2’ +2°+2zx+ 1= (A+C)z® + (B+ D)z’ + (24 4 O)z + (2B + D). Comparing coefficients gives us the
following system of equations:

A+C=1 (1) B+D=1 ()

2A+C =2 (3 2B+D=1 @

Subtracting equation (1) from equation (3) gives us A = 1, so C' = 0. Subtracting equation (2) from equation (4)

3 2
givesus B=0,s0 D = 1. Thus, I = m+'ﬂ—+—ldw=/< i + i >dm.For/$2w

(2?4 1) (22 +2) 22 +1 2242 1%

1
let w = 2% + 1 50 du = 2z da and then —x-—dazz—/ldu:lln|u|+0=11n(x2+1)+C.For
2 -1 2/ u 2 2
1 1 -1 X

1 1
dez, use Formula 10 with @ = /2. S()/——dm:/—-——dwz —tan" " — +C.
/a:2+2 22 42 x2_|_(\/§)2 V2 V2

Thus, [ = %ln(:c2 +1) + o tan~! 2 4+ (.

V2 V2

z+4 z+1 [ 3 1 [ (2z+2)dx / 3dz
2. - — = —-—-——d —————d = —
3 /m2+2x—!—5dm /w2+2m—i—5 w+/ 212 t+5 07 m2+2m+5+ (z+1)2+4
2du where x + 1 = 2u,
4(u? +1) and dz = 2du

%1n|az2+2x—l—5|+3/

—;-ln(x2+2m+5)+gtan"lu+02%ln(m2+2m+5)+gtan“l<$;—1> +C

1 1 A Bz +C i B
9:3~1_(x—1)(:v2+m—|—1)_x—1+m2+$+1 = 1=Afp+a+ 1)+ (Br+ )z —1).

Takexz = 1toget A = % Equating coefficients of 2 and then comparing the constant terms, we get(0 = % + B,

31

1=3$~Cs0B=-3C=-2 =

X 3 -3~ 3 : 1/ +2
= -3 3 dr=zlnlz—-1] - | ——T—
/x3_1dm /w—ldm+/a‘2+x+ldx sln|z — 1 3 a:z—l—w—l—ldm

:%1n|m_1|_1/7$f_1/_2d$_1/_w__
3) 22¥z+1  3) (wtr1/2)7+3/4

1
=1 1| — 2 n(z? _ o -1fzt3
=slnjz -1 - ln(z® +z+1) 2(\/g)tan <\/§/2>+K
:%ln|x—1|—%ln(w2+:c+1)—%tan_l(%@m—{—l))—l—K
3. Letu = z° + 32" + 4. Then du = 3(z” +22)dz =

52?42 g;:l/.szl—?f:l[l W20 = 1
, 5132214 3/ w  30Ma T3

-

(In204 —In24) = :In 22 =1 il

w|
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1 1 A B C
35. = — — — _ 1t 2 _
e Rl P T o § + +x T+ +1 . Multiply by 2*(z — 1)(z + 1) to get
l=Az(z - 1){(z+1)+B(z- D+ 1)+ sz(a: +1) + Dz*(z — 1). Setting z = 1 gives C' = %, taking

z=-—1gives D = —%. Equating the coefficients of z® gives0 = A+ C + D = A. Finally, setting z = 0 yields

dz -1 1/2  1/2 s
B=-1. = —— — = &
Now/w4-a:2 /[:}c2 +:c—1 :c—i—l]d ol +1 =l
-3 z—3 u—4
37_/_L__d$=/_.—____d3;=/——du [withu =z + 1]
(22 + 2z + 4)2 [(@+1)*+3]° (u? +3)?
_/ udu _ / du /@ 4 V3sec? 0do v = u? + 3 in the first integral;
) (w2 +3)? (u? + 3)5’ 2/ w2 9sectd u = /3 tan @ in the second
—_—(___1_ 4\/_/cos 0de = y(u2—1§—3) 2;/§(0+sin000s0)+0
_ -1 23 fan -1 (21 V3 (xz+1) LC
2(z? + 2z + 4) 9 V3 z2+ 2z +4
_ -1 —2‘/§tan—‘ z+1\ 2z +1) ‘c
2(z? + 2z + 4) 9 V3 3(x? + 2z +4)

3. Letu=+z+1 Thenz = v? - 1,dz = 2udu =
dx 2udu du ly —1 \/a:—i—l—l
— =2 ~ In i +C——-1 C E
/a:\/m—}—l (w?-1u ,/uﬁ—l lu ‘ Ve +1+41 *
M. Let u = /7, so u? = z and dz = 2udu. Thus,
16 /7 d o 42 4
/9 m_4d:v /3 =i u du 2/3 I i 2/3(

4
=z+s/—d1‘—— ™)
s (

24_ 4) du [by long division]

u+2)(u—2)
Multiply L S + L by (u+42)(u —2) to get 1 = A(u — 2) + B(u + 2). Equating
(v+2)(u—2) u+2 u-—-2 ‘

coefficients we get A + B = 0 and —2A + 2B = 1. Solving givesus B = % and A = —i, )
1 —1/4 1/4

= +
(v+2)(u—-2) u+2 u—2

f-1/4 /4 1 4
2+8/3 (u+2+ )du_2+8[ ln|u+2|+zln|u—2[}3

and () is

2

4
ll,

4 -
=24 [2ln|u—2}—2ln]u+2|]3=2+2[ln Py

=2+2(lnf~In}) =2+2m 33
2
=2+2Inf or 24+In(})" =2+ %

3. letu= 22+ 1. Thenz? =u® — 1,20dz = 3u du =

—1 u? d:
./\/T_ / a u=%f(u4—u)d _1307‘5__” +C
T

=%<x2+1>5/3—%<w2+1>2/3+c
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45. If we were to substitute u = /, then the square root would disappear but a cube root would remain. On the other
hand, the substitution © = /z would eliminate the cube root but leave a square root. We can eliminate both roots
by means of the substitution u = &z. (Note that 6 is the least common multiple of 2 and 3.)
Letu = &/z. Then z = u®, so dz = 6u° du and \/z = u®, ¥z = v?. Thus,

/\/‘—\/‘ /fsu—d:;: /uz(sil)duzf‘/fjﬁdu

= 6/ (u +u4+1+ —1—> du [by long division]

=6(3u’+ v +tutlnju—1)+C=2V2+3¥z+6 ¥z + 6|z —1/+C
47. Letu = e®. Thenz = Inu, doz = —

/ e*® dg __/ u? (du/u) / udy _/ -1 n 2 du
e2® +3e*+2 ) u2+3u+2 (w+Du+2) " ) |u+l u+2

=2Inju+2| ~Inlu+1]+C =In[(e” +2)%(e" +1)] + C

23:—1
z+2
2

/ln(mz_w+2)dmzzln(x2—w+2)_/}f—_z—dwzwln(wz—m-ﬂ)—/(2+w2w_4 )dm
2 1
:wln(wz—m—i—Q)——Zw--/ 2( - )d +2/.———_—_—( dz

49. Letu = In(z® — z + 2), dv = dz. Then du = dz, v = z, and (by integration by parts)

—z+2 r—2)2+1
1 . V7 du where x — é— = 411,
:xln(w2—$+2)—-21—-—2—1n(m2—w+2)+§/?(—2§-—;~1-5 d:c——ﬁgdu,
T \u
! (@- 3P+ =10 +1)
=(z—1)In(z* -z +2)-2z+ V7tan~tu+C
2r —1
- Hin(z® —z+2) - 22+ +Ttan™} +C
= (z - 3) In( ) 77
51. 0.05 From the graph, we see that the integral will be negative, and we guess
of ¢ B that the area is about the same as that of a rectangle with width 2 and
height 0.3, so we estimate the integral to be — (2 - 0.3) = —0.6. Now
1 _ 1 A + B o
—2x—3 (z—-3)z+1) z-3 =z+1
i 1=(A+B)z+A—-3B,soA=-BandA-3B=1 & A=3

and B = —z, so the integral becomes
2 2 2
dz 1 dz 1 dz 1 2
—_— = —_— 2iln|z -3 -1 1]
/0 o _2z-3 4/0 z-3 4, z+1 t[mle -3 ~njo+ 1]

B

It

rz—3
r+1

2
] = %(m% —In3) = —%ln3 ~ —0.55
0

1
4
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dz dz du
= x2—2x_/(m—1)2—1~/u2—1 [putw =2z —1]

=—;-ln Z;HJFC [by Equation 6] :%m it ] PP
55. (a) If t = tan (g),theng = tan™' . The figure gives
T 1 z t Pl
cos | — ] = —=——= and sin (—) = . ?
(2) Vit 2) " it -
2
— R 2(TY _

(b) cosm—cos(2 2) 2 cos (2) 1 1

o1 2_1_ 2 _,_1-7
S \VIre T1+2 T 142

sinm—sin(2-g)—2sin(£c—)cos(£)—2 £ . .
2 2 2 VIHEZ VI 1442

2

(c)%:arctant = = 2arctant = dm:ﬁ——t_Q

dt

51. Let t = tan(x/2). Then, using the expressions in Exercise 55, we have

1 dx_/ 1 2dt _2/ dt _/ dt
3sinz —4cosx 3( 2t ) (1—t2)1+t2_ J 3(2t) —4(1 —12) ) 224+3t-2
141¢2

dt 2 1 1 1 ; . .
=] / m—j = / [g%—_——l — —S-ZE:I dt [usmg partlal fraCthnS]

:é[ln|2t—1|—ln|t+2|} +C:%ln

2tan (z/2) — 1

1
= e tan (z/2) + 2

5

2t—1
t+42

+c

59. Let ¢ = tan(z/2). Then, by Exercise 55,

/ dz _1/ dz _l/ 2dt/(1+ 1)
2sinz +sin2z 2/ sinz+sinzcosz 2/ 2/(1+12) + 26(1 ~ £2)/(1 + £2)°

:%/ il +(22;r52((1ﬁ— 7y i/w = i/ (% “) dt

=ilnjt|+ i’ 40 = i ’tan(%x)l + 2 tanz(%a:) +C

r+1
z—1

61. :1+m—21>0f0r2§m§3,so

3 3
area:/ [1+;2—J de = [m+2ln\m—1j]2=(3+21n2)-— (2+2ln1)=142In2.
A =
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63. P[(rf+)}‘5;_s]=%+m%‘_—s’ = P-I—S:A[(’r—l)P—-S]-i-BP:[(T—l)A-i-B]P—AS

= (r—-1)A+B=1,-A=1 = A=-1,B=r. Now

t"/Prller)zso g b= /{ iy s]dp“ /dP r—l/(r—TI;Pl 5F

sot=—InP+ T—T—lln|(r— 1)P — S|+ C. Herer = 0.10 and S = 900, so

t=—InP+ %5 n|-09P - 900| + C = ~ In P — { In(|—1| |0.9P + 900|)
=-InP-1 ln(O.9P +900) + C
When t = 0, P = 10,000, s0 0 = —1n 10,000 — § In(9900) + C. Thus, C = In 10,000 + & In9900 [~ 10.2326],

s0 our equation becomes

10,000 1 9900
s _ 1 _1 — ? =
£=1n10,000 — In P+  1n9900 — § In(0.9P +900) = ln ~= + 5 ln oz
10,000 1100 10,000 1. 11,000
=h—%5—+3 3in 0oiP+100 - P T9™ P00

65. (a) In Maple, we define f{x), and then use convert (f, parfrac, x) ; to obtajn

@) = 24,110/4879  668/323  9438/80,155 s (22,098z + 48,935) /260,015
) 2z +1 3z —7 22 +x+5 '

In Mathematica, we use the command Apart, and in Derive, we use Expand.

(b) /f(a:) de =20 . in[s5z +2| - S8 . Linj2z + 1] - 8%‘}355 -3 1n(3z - 7|

dz +C

L L / 22,098(x + %) + 37,886
260,015 (z+ 3"+ 12

_ 24110 1 _ 668 |1 9438 1119,
= %57 -5 Sz + 2| - 33 - 3 In[22 + 1| — 555 - 5 Inf3z — 7

+260015 [22098 1111(1 +£17+5)+37886 \/——tan 1( __119/4 (a:—l—%))} +C

= $2 5z + 2| — % In|2z + 1| — 3% Inf3z — 7| + ——=——;610°5’=195 In(z® + z + 5)

+ s tan ™ [ (22 4 1)] + €

Using a CAS, we get

4822In(5c +2)  334In(2z +1) 3146In(3z —7)

4879 323 B 80,155
11,049 In (x> 5
049In(z” +z +5)  3988/19 tan-1 \/E(2 +1)
260,015 260,015 19

The main difference in this answer is that the absolute value signs and the constant of integration have been

omitted. Also, the fractions have been reduced and the denominators rationalized.
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67. There are only finitely many values of & where Q}{x) = 0 (assuming that @) is not the zero polynomial). At all other
values of z, F(z)/Q(z) = G(z)/Q(z), so F(z) = G(z). In other words, the values of F and G agree at all
except perhaps finitely many values of . By continuity of F' and G, the polynomials F' and G must agree at those

values of x too.
More explicitly: if a is a value of z such that Q(a) = 0, then Q(z) # O for all z sufficiently close to a. Thus,

F(a) = lim F(z) [by continuity of '] = lim G(z) [whenever Q(z) 3 0]

=G(a) [by continuity of G]

1.5 Strategy for Integration

1. /wdmz/ Sng | Sed d:r—/(cosx—i—cscm)d:c_sm:c—&—ln\csca:~cotm|+C’
tanz tanz = tanw

-1

2 -1 -t
3‘/ 2t 2dt=/ Z(Uj_?’)d [u=t—3,du=dt] :/ (3+%>du=[2lnlul—§}
o (t—3) -3 v =8l RS e

=(2In1+4+6)—(2In3+2)=4—-2In30r4—-1n9

dy 1 earctany /4 4
5. Let u = arctany. Then du = = = / = / e du = [e"]iﬁr/‘l =™/t 7T/t
1+y -1 1+y —7/4

3 w=lInr, dv=rtdr 3 3 3
’ ' 1 1 243 1
1 *Inrd =|= 51[11"] —/ Srtdr=""m3-0~ [——rs}
/1 romrar [du:_‘i’" v:%r5 } {57" A A 5 %5

243 9 (203 _ 1\ _ 243 1,9 242
=%*1n3 (25 25)_ 5 03— 52

> /m2 ra /(x—2)2+1dm /<u2—|—1+u2+1> h [s=2=2, G =uds]

=iIn(u’+1)+tan " u+C=3In(z®> —4z +5) + tan " (z - 2) + C
11. [sin® 6 cos® 6dO = [ cos® Osin®§sinfdf = — [ cos® O (1 — cos® 6)(—sin6) df

T T cos b,
=g =) du [du——sm@dQ]

=[(u" —v’)du=3u® - tu® +C=%cos® 0 —2cos® 0+ C

Another solution:
[ sin® 0 cos® 0dO = [ sin® 0 (cos® 0)* cos@df = [sin® 6 (1 —sin® 8)* cos 6 df

= [u*(1 —v?)?du [dzzi:;g’de] = [u*(1 —2u® +u*)du
=[(u®—20" +u")du=u' — 3u® + $u® + C = 1sin'0 — sin® O+ Lsin®0+C
13. Let x = sin 6, where —% < 6 < 7. Then dz = cos 6 df and
(1 —2?)Y? = cosb, so 1 .
ey b R ;
=tanf + C = —mee + C 1-x?
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15. Letu=1—2%2 = du=—2xdz. Then
T 3/4 q

L[ i 1[q,1/2 .
= — = d :_[2 ] = =1- 33
o V1—2a? v 2 1 \/— 2/3/4u ] 3/4 [\/6]3/4 1=

1/2

u=2,  dv=sin’zdyz,
17. [zsin’zdx [ v s g ]

du = dex v= [sin®zdr = [1(l-cos2z)dz =1z — lsinzcosz

z2 — %msinwcosm - f (lx - lsina:cosar:) dx

m2——msmmcosa:——a: -+ 4sm z+C = —a:z——a:smmcosa:+4sm z+C

NI VT

Note: [sinzcoszdz = [sds=%s>+C [where s =sinz, ds = cosz dz].

A slightly different method is to write [ zsinzdr = [2-1(1 —cos2z)dz =3 fzdz — % [zcos2zdz. If we

evaluate the second integral by parts, we arrive at the equivalent answer 73;:1:2

— %xsin2x - % cos2z + C.
19. Let uw = €*. Then fe“”ex dz = feezez dr= [e*du=e"+C=¢" +C.
21. Integrate by parts three times, first with u = ¢, dv = e~ %* d:

[tPe 2 dt=—1t%e™® = L [3%e 2 dt = —1t%e ™ — 3272 1 L [3te™*dt
—e P14 34%) — St 4 2 /e_ztdtz —e i+ 3P+ 3+ ) +C
~te (4P v 662 + 6t +3) +C

23. Letu=1++/z Thenzx = (u — 1)%, dz = 2(u— 1)du =

fiA+vz) P de=[2u® 20u—1)du=2[] (v~ u®)du= [%u1°—2-%u9]§
g
3z —2 6 + 22 A B .
25. = e _— — 6! 2=A 2 B(x — 4). Sett
x?—2z—8 3+(cc—4)(:c+2) 3+.7;—4+x+2 = bz (-2 Bl = ). Sefiing

@ = 4 gives 46 = 64,50 A = 2. Setting z = --2 gives 10 = —6B,s0 B = —2. Now

3z —2 23/3  5/3 - 5
I S 22 20 Vg = Bn|s—4/—31 2 :
/$2_2m_8dm /<3+m—4 e 3c+2LInjz—4]-3hlc+2/+C

21. Letu = In(sinz). Thendu = cotzdzr = [cotzin(sinz)dzr = [udu= 1v® + C = {[In(sinz)]® + C.

53w~1 o id 5
29./0 o dw_/o (3——ﬁ)dw_[3u—71nfw+2|]o

=15-7In7+7In2=15+7(In2~In7) =15+ 7In

31. As in Example 5,

/ 1+m Vi¥tz \/1+mdw_ 1+z dw—/ dz " rdzr

Vl—az \/1—3: Vitz N N V1= a2
=sin'z—V1-22+C

Another method: Substitute u = /(1 + ) /(1 — ).
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B3-22-2"=~(2®+22+1)+4=4~(z+1) Let

z +1 = 2sin8, where — % <6< 5. Thendx =2cos6df and 2
_ x+1

JV3-2z—a?de=[\/A—(z+1)2dz= [/4— 4sin®G2cos O d

=4 [cos’9df =2 [(1+ cos26) db ) N =

_ . _ . 4—(x+1)

=20+5sin20+C =20+ 2sinfcosf+C —ime

I Y
:2sin‘1($;1)+2-x;1~\/3 22m e

:231n‘1<x—-2+:—1> -+ m;1\/3——2x—932+0

35. Because f(z) = 2®sinz is the product of an even function and an odd function, it is odd. Therefore,

[t a¥sinzdz =0 [by (5.5.7)Db)].

3. [/ cos? 9tan? 0df = [7/*sin?0df = [7/* 1 (1 — cos26) df = [16 — L sin20]™/*
=(z-1)-0-0=%7-1

3. Letu=1—2z% Thendu = —2zdr ==

da 1 vdvu
/1—121\/1“—?= 2/u+f /vz+u' [v = v, u =", du = 2vdv]

dv 2
= / 1= Inlv+1}+C ln( 1 x+1)+C

4. Letu = 0,dv = tan® 0df = (sec®0 — 1)d6 = du=dfandv=tan6 —0. So
[ Otan?0d6 =6(tan 6 — ) — [(tan6 — 6) df = Otand — 6% — In |secd| + 16° + C
=0tan6d — 10 —In|secd| + C
43. Letu = 1 + €%, so that du = €® dz. Then
JeVIterde = [u'?du=2u%? +C=2(1+¢")¥? +C.
Or: Letu = /T + e®, so that u®> = 1 + ¢® and 2udu = e” dz. Then
JeVi+erde = [u-2udu= [2u’du=2u*+C = (1 +¢°)%? 4 C.
45. Lett = 2°. Thendt =3z°dz = I= [2%¢ ™ dp=1 L [te* dt. Now integrate by parts with u = ¢,
dv=etdl: I=—3te™ + 3 [etdt=—1te™' —LeT" + C=—1le —a? (®+1) +C.

T+a 1 2z dx _ dz 2 2 l —1(Z
47'/md$_2/z2+a2+a/x2+a2 =1In(z* +a’) +a atan (a)+0
=ln\/a:2_—i—¢15—|—tan_1(m/a)+0
8. letu=+iz +1 = u?=4r+1 = 22udu=4dr = dz = Ludu. So

u—1 ’ +C [by Formula 19]

1 sudu du
/$\/4m+1 ‘ /i(u2—1)u w—1_ (Z)Hu—i—l

e ‘\/4x+ s
T\ VA Fi+1
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51. Let2z =tanfd = z= %tane, dr = %sec20d,6, V4z? + 1 = sech, so

%sec20d9 /seCB

dzx
= = 10 = 0do
/:1:\/41324-1 /%tan@sec@ ¢ /CSC

tan 6
Vaxt+1
= —In|cscl + cot 8| + C for In|csc @ — cot 8] + C1] * 2x
N 2
:_lnﬁ_'i'_l+i +C orln_iu_i +C [
2z 2z 2z 2z 1

= g2 dv = sinh(mz) dz,
53. /x2 sinh(mz)dz = %mz cosh(mz) — 'r—Q_n /:c cosh(maz) dz [du e (ma) ]

u=2zxdr y=Lcosh(maz)

= dV = cosh(maz) dz,
= Lo cosh(maz) — A (#w sinh(maz) -- S [ sinh(mz) dz) [ =g, (mz) }
m m m

AU =dz V= Lsinh(maz)

1, 2 2
=z cosh(mz) — Ll sinh(mz) + =3 cosh(mz) +C

55. Letu =+vz+ L. Thenz =u? —1 =

/ dx :/ 2udu =/[—1+3}du
z+4+4Vc+1 u? + 3 +4u v+l u+3
=3n|u+3-Infu+1/+C=3(vz+1+3) —In(vVz+1+1) +C
5.1ctu= Yz+c Thenz=u’~¢c =
Jede+cdr=[(v’~cju-3u’du=3(u® —cu®)du=3u" - Scu* +C
=22+ - 3c(z+0)** +C
59. Letu = e®. Thenz = Inu, dz = du/u =
/ dz___ [ du/u =/ du =/[_M2___l___l/_2 du
e3c — e ud —u (u—Du?(u+1) u—1 w2 u+l

_}_+11n
Ty 2

e -1
e*+1

u—1
u+1

‘+C’=e_z-|-%ln

| ‘e
61. Let w = 2°. Thendu = 5z*dzx =

4 1
ztdz = du -1 ~1/1.5
[ s = [ s =t e (Gu) +.C = g tan™ (3a%) +C,

1
2V

=2y%, dv=e'dy,
/\/Eeﬁda:Z/yey(Zydy)=/2y2eydy [ v y v=e y]

63. Lety = /T sothatdy =

dr = dr=2+/zdy=2ydy. Then

du=4ydy v=¢€"

U=4y, dV =¢€Ydy,

= 2y%e¥ — (dye¥ — [ 4e¥ dy) = 2y”e? — dye? + 4e¥ + C
=2 -2y +2)e¥+C=2x -2z +2)eV* +C
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1 VT -z

65./——””-—:/( . )dw:/\/a:+ —Vz)d
Ve +1+z Ve+l4+ve Vez+1-z ( iz de

= 2@+ 1) -] +C

67. Letw = v/%. Then du = dt/(2vt) =
V3
b _
a,I‘C;I_l\/_ tan 1u(2du) :2[utan_1u— %1n(1-{—u2)]1/§ [Example 5 in Section 7.1]
1 1
= 2[(\/§tan_1 — %ln4) — (tan_ll — %1112)]
22[(\/§§ —ln2) —_ (%—%ln2)] = £ 37r—%7r—1n2
69. Letu = e”. Thenz = Inw, dz = du/u =
e u? du 1
/1+ewdw— jJﬂ+u?“/1-|- du = /<1'1+u>du
=u—In|l+ul+C =" ~In(l+¢")+C
7 T . T _Az+B  Cz+D
Tt +4x2 43

(22 +3)(z2+1)  22+3 ' 22+1

=(Az + B)(2” + 1) + (Cz + D)(2* + 3) = (4z® + Ba® + Az + B) +

(Cz® + Dz* + 3Cz + 3D)
= (A+C)z® + (B + D)z* + (A +3C)z + (B + 3D)

=
A+C=0,B+D=0,A+3C=1,B+3D=0 = A=-1C

x d — ——%m %r i
%+ 422 4+ 3 = x2+3+m v

2+1

1,B =0, D = 0. Thus,

1 22+ 1
=—1ln (:1; +3)+iln (m +1)+C or Zln(m2+3>—|—0

1 A Bx 4+ C
i (x ~2)(z2+4) c—2 1 211

1=A(z*+4) + (Bz +C)(z — 2) = (A+ B)z? + (C — 2B)z + (44 — 2C). So0 = A+ B = C — 2B,
1=4A —2C. Setting z = 2 gives A = %

=% => B=-fadC=-1 50
1 i ~lp 1 1 d 1 [ 2zd 1 d
(z—2)(z? +4) xz—2 z2 +4 8) -2 16/ z2+4 4 ) z2+4

=ilhlz-2 -% ln(x2 +4) — %tan_l(w/2) +C

15. [sinzsin2zsin3zdz = [sinz - $[cos(2z — 3x) — cos(2z + 3z)] dz = 3 [ (sinz cosx — sin z cos 5)

=lfsin2wdm——f

[sin(z + 5z) + sin(z — 5z)] dz

—4cos2z — 4 f( sm693——sm4m)d:c———§cos2:c+ 4cos63:——cos4a:—i—C’
1. Letu = %/

VT

% 5o that u? =« anddu——ml/zdx = \/_dw——du Then
3 2,1 2. 19/
1+x3dw:/1+ 2du—3 an u+C:—?;tan (™) + C.
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79. Letu =z, dv =sin’zcoszdz = du=da,v = 1Lsin®z. Then
3

Jfzsin®z coszdx = tzsin®z — [ isin®ade = szsin®z — & [(1 - cos® z) sinzdz
1 .3 1 2 Y = COS T,
=—zsinz+ - [(1— d
3% e 3/( y)dy [dy:—sinzdm
:%xsinSx—i——;- —éy3+C=%:z:sine'z—i-%cosm—écossa:—}—C

81. The function y = 2ze®” does have an elementary antiderivative, so we’ll use this fact to help evaluate the integral.
J(2z® + l)e’”2 dz = [ 222" d + f e dy = fx(?me“”z) dx + fez2dx
u=z, dv= 2mez2dz,

= ze® — fe“”de—f-fedem [

— 2
du=dr ,—¢"

} =ge® +C

1.6 Integration Using Tables and Computer Algebra Systems

Keep in mind that there are several ways to approach many of these exercises, and different methods can lead to different forms
of the answer.

1. We could make the substitution w = v/2 x to obtain the radical v/7 — u2 and then use Formula 33 with g = V7.
Alternatively, we will factor v/2 out of the radical and use a = \/g .

—g? —gint X +C

1 /7
zV?2

[7 .2
VT = 922 7 —x*
/—%—f—xdzzﬁ/—%;——dmg—é 2

(SR

:—i\/7—2x2——\/§sin—1( %z)—i—C
. Letu=7x = du=mdz,so
[sec®(nz)dz =L [sec® udu Z L(3secutanu + 3 In|secu +tanul) + C

= 5 secmztan 7z + 5= In |secmz + tan | + C

1 2 —5 11
-1 _ e
5. / 2z cos 'z dz 9——12[%:4 cos tz— m\/z_m_} =2[(3:-0-0)—(-%-2 -0)] = 2(5)=12
0 0
1. By Formula 99 with ¢ = —3 and b = 4,
—3z —3z
/e_?’m cosdz dx = %— {(—3cosdx +4sindz) + C = = (—3cosdz + 4sindz) + C.
(—3)" +42 25
9. Letw = 2z and ¢ = 3. Then du = 2dx and
/ dz / Ldu 5 du B _, Va2 +u? +C
_—_ = -——2 - = —
xz \/4{132 +9 uz_m ’U,z\/ a2 —|—u2 (12U
2 2
o SR

. o | 1 0 2 (0 O % 1 gl
11./ te_tdt=[-—-tze_t] ——/ te” dt=e+2/ te”'dt=e+2|———5 (=t —1)e”
-1 -1 P —1 (-1) 1

=e~|—2[—-e°—t—0] =e—2
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3 =1
1 U z, 1
13./tan_z(2/z_)dz [ / } ::—/tangudug——itanzu—lnlcosu|—|—C

du = —dz/2*
= ——l-tan2<1> —In cos(l)‘—(—C
2 z

15. Let w = ¢”. Then du = €” dz, so [ e”sech(e”) dz = [ sechudu el tan™"[sinhu| + C = tan~'[sinh(e®)] + C
7. Letz=64+4y—4y" =6— (49> —4dy+1)+1=7—(2y— 1), u =2y — 1, and a = /7. Then z = a® — v,
du = 2 dy, and
JyVe+ay—aPdy = [yvzdy=[3u+1)Va? —u?{du
=2 fu/e®—w?du+3 [VaZ —udu
= lf\/a—zi—quu— 3 [(—2u)VaZ —uZ du

30 w=a®—u?
= \/ —1L2+—s1n_1 ——/\/—dw ’
dw = —2udu
1 2y—1 1 2
I kS ey gy +8 1-%[7—5--3-11;3/%0
=2y‘ —sin_l?y\/;l (6 +4y — 4°)** + C

This can be rewritten as
1 1 7. 1 2y~1
—4y2 | = —1) - — Ay — 42 - 129 4 0@
/6 + 4y — 4y 8(2y 1) 12(6+zy 4y )}+8sm 7 +

_.__<ly2_i 5) 6 + 4y — 4y? —f—gsm 1<2y-1)+0

3V "T12Y 738 J7
:2—2(8y2—2y~15) 6+4y—4y2+§sin‘1(2y\/_?1> +C
19. Let v = sinz. Then du = cos z dz, so
. 2 . 101 u?tt 13
sin’z cosz In(sinx)dz = [ v’ Inudu PEE [+ Dnu—-1]4+C=5u’(Blnu—1)+C

= Lsin’z[3In(sinz) — 1]+ C

21. Letu = e” and @ = /3. Then du = €° dr and
e + /3

e’ du 191 |u+ta 1
—dr = =—In|l-—|+C=—7=1
/3—@2’c * /a2—u2 %2a nl —-a+ 2\/?_>ne -3

7 7
2. [sec’ xdz = stanwsec® z + 2 [sec® rdz = % tanwsec® z + %(%tana:secx-{- %fsecmda:)

+C.

g%tanxsec?’m—k%tanmsecm—i—%ln|secm+tana:|—I-C
25 Letu=Inzanda = 2. Thendu:irfand
/\/4+m(lna:)2 /\/——}—uzdu—— a2+u2+?ln(u+ a2+u2)+C
= }(n2) A+ W) + 2In[Inz + /5 @2} | +C

2]. Let w = €®. Then ¢ = Inwu, dz = du/u, so

/\/e%—ldm:/—uj—t_—ldug\/ﬁz—l—cos_l(l/u)—i—C’:\/eh—l—cos_l(e_m)+C’¢
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4
2, / z* dz _ z”dw :_]_‘ __QIL: [u=z° du = 5z* dz]

VEr—: 5] Ve
géln|u+\/zﬁ———_2|+02%ln|15+\/5—1°———2]+0

31. Using cylindrical shells, we get

2 2 2
V =2rm az~a:\/4—z2dz=27r/ w2\/4—m2dw3=127r[§(2m2—4) 4——z2+—1—§sin_1£}
0 0 0

8 2

. S S PN TN 5,2
=2r[(0+2sin""1) - (0+2sin™ 0] =2m(2- Z) =2n

d[1 a? 1 ba? 2ab
i — _ | S _
33. (a) Tu [b3 (a—l—bu o 2aln|a+bu)+0] i [b+(a+bu)2 (a—i—bu)}
_ 1 [bla+bu)®+ba® —(a+bu)2ab] 1] 8% ] W
b (a + bu)? T8 arbu?] (a+bu)?

—-a 1
b and du = Edt'

/ widu (t — a)? gt = 1]t2—2at+a it
(@ + bu)? b3 e B 2

1 2a  a? a?
== A —2alnlt| — &
W (1 ; + t2>dt » (t aln|t| )+C’

2

(b) Lett =a+bu = dt=bdu. Notethatu = t

=l(a+bu— =
a

7 +bu—2aln[a+bu|> +C

35. Maple, Mathematica and Derive all give [ 22v/5 — 22dz = ~32(5 — )3/ iy 525 =22 + L sin~ (%m)
Using Formula 31, we get [ 2?6 —22de = %.B(2LL‘2 - 5)\/5——? + %(52)sm 1(\/- ) + C. But
—%a:(fy — x2)3/2 +- %ac VB =2 = %x\/S—_w“; [5 - 2(5 - xz)] = %z(2w2 — B)M, and the sin™! terms
are the same in each expression, so the answers are equivalent.

317. Maple and Derive both give [ sin® z cos? zdz = —% sin® z cos® z — % cos® z (although Derive factors the

expression), and Mathematica gives f sin® z cos? zdz = ———21; cosT — Z§ cos 3x + §16 cos 5z. We can use a CAS to

show that both of these expressions are equal to ~31- cos® z + % cos® z. Using Formula 86, we write

2z cos3m+%(—-1-cos‘°’x) +C

. .2 3 " .
[sin® coszmdm:—sl-sm z cos :c—l—%fsmac coszscd:cz—ésm 3

:—%sian cos® z — %cossw—i-O
39. Maple gives [ z /T + 2z dz = (1 4 22)%/% — (1 + 22)%/2, Mathematica gives v/1+ 2z (22* + &z — &),
and Derive gives 7 (1 + 21,')3/ 2(3z — 1). The first two expressions can be simplified to Derive’s result. If we use

Formula 54, we get
JavT+2zde= %7 (3- 22 —2-1)(1 +22)*% + C = (62— 2)(1 +22)*/* + C

= &3z — 1)(1 + 22)*/?
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41, Maple gives [ tan® z dx = 211 tantz — 1;;' tan®z + % ln(l + tan? m), Mathematica
gives [ tan® zdz = 1[—1 — 2cos(2z)] sec*  — In(cos z), and Derive gives
Jtan® zdz = % tan* z — 1 tan? & — In(cos ). These expressions are equivalent, and none includes absolute

value bars or a constant of integration. Note that Mathematica’s and Derive’s expressions suggest that the integral is

undefined where cos x < 0, which is not the case.
Using Formula 75, [ tan® z do = +25 tan® '@ — [tan® >z dz = § tan* x — [ tan® z da. Using Formula 69,

ftan®*zdz = L tan’z +In|cosz| + C, so [tan® zdz = § tan z — § tan’ z — In|cos z| + C.

9=—1, /5%z _ | B In(v/2%= — 1 4 2%)

43. Derive gives [ = [ 2°\/4* — 1dx = 02 2n 3

immediately. Neither Maple nor

Mathematica is able to evaluate [ in its given form. However, if we instead write I as [ 2%./(2%)2 — 1dz, both
systems give the same answer as Derive (after minor simplification). Our trick works because the CAS now

recognizes 2% as a promising substitution.

45, Maple gives the antiderivative 0.6
F(x) = ﬁd =—lin(@ +z+1)+im(z® -z +1) . ]
(x) - .'174 +1}2 + 1 T = -2 Il(.il) z 2 n(m z ' =4 4

We can see that at 0, this antiderivative is 0. From the graphs, it appears F

that F' has a maximum at x = —1 and a minimum at x = 1 [since

-1.1
F’(z) = f(z) changes sign at these z-values], and that F" has inflection

points at z &~ —1.7, z = 0, and = ~ 1.7 [since f(z) has extrema at these
z-values].
41. Since f(z) = sin® z cos® z is everywhere positive, we know that its antiderivative F is increasing. Maple gives
- _ 13 7. 3 (OIS N S 1 oos® o s 3 ; 3
[ flz)dz = —55sin’ z cos” x — g5 sinz cos’ © + 145 cos” x sinx + 155 cos® © sinx + 535 cosx sinz + 55
and this expression is 0 at z = 0.

0.04

F has a minimum at = 0 and a maximum at z = 7. F has inflection points where f’ changes sign, that is, at

z~0.7,z=mn/2,and z =~ 2.5.
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1.7 Approximate Integration

1. @ Az = (b—a)/n=(4—0)/2 =2

Ly = if(ﬂ?i—l)A(B = f(zo) -2+ fz1)-2=2[f(0)+ f(2)] =2(0.5+2.5) =6
Ry = if(mi)A:c = f(z1) -2+ fz2) - 2=2[f(2) + F(4)] = 2(2.5 + 3.5) = 12

M; = éf(EZ)Ax e f(-.'fl) -2+ f(fll-z) -2=2 [f(l) + f(3)] = 2(1.6 + 3.2) = 9.6

L, is an underestimate, since the area under the small rectangles is
less than the area under the curve, and R; is an overestimate, since
the area under the large rectangles is greater than the area under the
curve. It appears that M3 is an overestimate, though it is fairly close
to . See the solution to Exercise 45 for a proof of the fact that if f is

concave down on [a, b], then the Midpoint Rule is an overestimate of
f: f(z) de.

(©) Tz = (3 Az)[f(wo) + 2 (z1) + f(x2)] = 2[f(0) + 2£(2) + f(4)] = 0.5 +2(2.5) + 3.5 = 0.

This approximation is an underestimate, since the graph is concave down. Thus, 75 = 9 < I. See the solution to

Exercise 45 for a general proof of this conclusion.
(d) For any n, we will have L,, < T, < I < M, < R,.
3. f(z) = cos(2?), Az = 178 =1
+2f(2)+2f(3) + f(l)] ~ 0.895759
f(g) + f(%)] = 0.908907

1 The graph shows that f is concave down on [0, 1]. So T} is an

underestimate and M, is an overestimate. We can conclude that

0.895759 < [, cos(z?) dz < 0.908907.

0 — 1

b—a m—-0

T8

(@) Mg == [f(i"_e) + f(%{) +f(?_76r I +f(115—")] =~ 5.932957

) S5 = 570 +47(3) + 27 () + 47 () + 27 (%) + 47(F) + 26 (%) + 4 (5) + /)]
=~ 5.869247

5 f(z) = z%sinz, Az =

3
oolx

Actual: [ *sinz dx L [~2®cosz]] +2 [ zcoszdx 8 [~7? (=1) — 0] + 2[cosz + zsinz]]

=7 +2[(~1+0) — (14 0)] = n* — 4 ~ 5.869604
Errors: Ey = actual — Mg = [ z®sinzdz — Ms ~ —0.063353
Es =actual — Sg = [ 2 sinz dz — Ss ~ 0.000357
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@ =R ae=20=1
@ Ts = 755 [f(0) +2f(3) +2F(3) + - +2f(2) + 2F () + £(2)] ~ 2.413790
) Ms = 3[£(3) + F(§) + -+ F(§) + £(F)] ~ 2411453

© S5 = 75 [f(0) +47(3) +2/(3) + 41 (3) +2F(1) + 4/ (3) +2f(3) + 47 (}) + F(D)] ~ 2412232

Inz 2—-1 1
e =T A= T 5
@ Tio = o5 [F(1) + 2 (1.1) + 2F(1.2) +- - - + 2£ (1.8) + 2£(1.9) + £(2)] ~ 0.146879

0
(b) Mio = 5 [£(1.05) + f(1.15) 4 - -- -+ f(1.85) + £(1.95)] ~ 0.147391

(©) S10 = 135 [F(1) +4f(1.1) + 2 (1.2) + 4 (1.3) + 2f (1.4) + 4 (1.5) + 2£(1.6) 4+ 4£(1.7)
+ 2f(1.8) +45(1.9) + £(2)]
= 0.147219

£(t) = sin(e?), At = 220

@ Ts = 155 [F(0) + 2/ (F5) + 2f (&)
(b)M8= [(32)"'“%)’*’ (555
+2f(

© Ss = 53 [£(0) +4f(55)

L
16

oo

+-+2f (%) + F(3)] = 0451948
)+ F(ER) + £(28)] ~ 0.451991
%)+ +4f(F) + £(3)] ~ 0.451976

2-1 1
1/z — =
fl@)=e"'" Az = =1

@) Ta = 75 [f(1) + 2£(1.25) + 2f(1.5) + 2£(1.75) + £(2)] ~ 2.031893
(b) My = 3[f(1.125) + f(1.375) + f(1.625) + f(1.875)] ~ 2.014207

© Sa = 75 [F(1) +4F(1.25) + 2 (1.5) + 4F(1.75) + f(2)] ~ 2.020651

@ Ts = 555 [f(D) +2F(3) +2f(2) + -+ 2f(4) + 2 (2) + f(5)] ~ —0.495333
5 15

©) Ms = 3[7(5) + £() + F(3) + 113) + F(3) + 7(%) + (1>+f<19>1 ~0.543321
(©) Ss = 755 [f(1) +4F(2) +27(2) +4F () +2f(3) +4F(Z) + 2f(4) + 4£(2) + £(5)]

~ ~0.526123
1) = 1+y5’Ay=_g_0=%

@ T = 35 [70) + 27 (3) + 27 (3) + 24 (3) + 26(3) +2/(3) + 1 ®)] = 1.064275
) Mo = 3[7(2) + £(3) + £(3) + 7(3) + £(3) + 7(3)] ~ 1067416
© S0 = #5110 +47(3) + 27 (3) + 41(3) + 2 (D) +47(3) + J®) ~ L0Ts015

N
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2-0_1
10 5
(@) Two = g5 {f(0) + 2[7(0.2) + f(0.4) + --- + £(1.8)] + f(2)} ~ 0.881839
Mo = :[f(0.1) + f(0.3) + £(0.5) + - -+ + f(1.7) + £(1.9)] ~ 0.882202

18, f(z) = e, Az =

M) fz) = e, f'(z) = —2ze~", §"(z) = (42® — 2)@"32, [ (x) = 4z (3 — 2:1;2)6_‘”2.
f"(z)=0 < z=0orz= j:\/g. So to find the maximum value of | f”/(z)| on [0, 2], we need only

# (\/g )’ ~ 0.8925.

Thus, taking K = 2,a = 0, b = 2, and n = 10 in Theorem 3, we get | Er| < 2-2%/(12-10%) = £ = 0.013,

consider its values at x = 0, = 2, and x = \/g [£7(0)] = 2,|f"(2)| ~ 0.2564 and

and |En| < |Er]/ 2 < 0.008.

K(b—a)® 2(2 — 0)®
12n2 12n2

3n? >10° & n>365.1... <« n > 366. Taken = 366 for T,. For E, again take K = 2 in

(c) Take K = 2 [as in part (b)] in Theorem 3. |E7] < <1078 <107° &

Theorem3 to get |[Ep| <107° & 2n2>10° & n>2582 = n > 259 Taken = 259 for M,,.

21. (a) Two = 25 {f(0) + 2[f(0.1) + £(0.2) + - + f(0.9)] + f(1)} ~ 1.71971349
Si0 = 155 f(0) + 4£(0.1) + 2f(0.2) 4+ 4£(0.3) + - - + 4£(0.9) + £(1)] ~ 1.71828278
Since I = fol edz = [¢”]} = e — 1 ~ 1.71828183, By = I — Tio ~ —0.00143166 and
Eg = I ~ S1g ~ —0.00000095.
® fle)y=€e = f'(z)=¢e"<efor0<x <1 Taking K =e,a=0,b=1,andn = 10 in Theorem 3, we
get|Er| < e(1)®/(12-10%) ~ 0.002265 > 0.00143166 [actual |Er|from (a)]. f™*)(z) = e” < e for
0 <z < 1. Using Theorem 4, we have |Es| < e(1)®/(180 - 10*) & 0.0000015 > 0.00000095 [actual | Es|

from (a)]. We see that the actual errors are about two-thirds the size of the error estimates.

K(b—a)® > e(1®)
rt (b t; = < - _<<0. > —
(c) From part (b), we take K = eto get |Er| < oz~ < 0.00001 = n*> 12(0.00001) =
. K(b—a)?
n > 150.5. Take n = 131 for T,,. Now |Em| < odn <0.00001 = n > 106.4. Take n = 107 for
. K(®—a)® i e(1°)
M, F 1 < ——<0. > — > 6.23. Take n =
inally, |Es| < 130mA <0.00001 = n*> 180{0.00001) = n > 6.23. Take n = 8 for S,

(since n has to be even for Simpson’s Rule).
23. (a) Using a CAS, we differentiate f(z) = €°°*” twice, and find that 12

f"(z) = e (sin® z — cos z). From the graph, we see that the 0 l( M ,] 2

maximum value of | f”(z)| occurs at the endpoints of the

interval [0, 2x]. Since f'(0) = —e, we canuse K = eor K = 2.8.

-3
(b) A CAS gives Mg = 7.954926518. (In Maple, use student [middlesum].)
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_ 3
(c) Using Theorem 3 for the Midpoint Rule, with K = e, we get | Ens| < 6(22:—1002) ~ 0.280945995. With
2.8(2r — 0)2
= 2. < ——————me. —
K = 2.8, we get |Eum| 51 157 = 0.289391916.

(d) A CAS gives I ~ 7.954926521.
(e) The actual error is only about 3 x 10~?, much less than the estimate in part (c).

(f) We use the CAS to differentiate twice more, and then graph 14
F@(z) = e**5* (sin* z — 6sin’ x cosw + 3 — Tsin’ z + cosz). /

From the graph, we see that the maximum value of ‘ f ) (m)‘ occurs

0 k =P H 2ar
at the endpoints of the interval [0, 27]. Since f*)(0) = 4e, we can use L \/ \/ J
K =4eor K =10.9. 8

(g) A CAS gives S1p = 7.953789422. (In Maple, use student [simpson].)

4e(2m —0)5

. ) _ , <
(h) Using Theorem 4 with K = 4e, we get |Es| < 180 - 104

~ 0.059153618. With K = 10.9, we get

10.9(27 — 0)8
180 - 104

(i) The actual error is about 7.954926521 — 7.953789422 ~ 0.00114. This is quite a bit smaller than the estimate
in part (h), though the difference is not nearly as great as it was in the case of the Midpoint Rule.

|Es| < ~ 0.059299814.

(27r) de(2m)°
<0. 1 —_— <
180 - 0001 = e o000l =™ =

n* > 5,915,362 < n > 49.3. So we must take n > 50 to ensure that |[I — Sy,| < 0.0001. (K = 10.9 leads

(j) To ensure that | Eg| < 0.0001, we use Theorem 4: | Eg| <

to the same value of n.)

+(3)+ (3)3} — 0.140625
2)% 4 (3)°+ 13] = 0.390625
Ta= 35 [0° +2(3)" +2(3)" +2(3)" +1°] = 0265625,
(B2 (s (g)3] = 0.2421875,
4= 3 —0.140625 = 0.109375, Er = 1 — 0.390625 = —0.140625,

S
il

1 R~
|

~

%[ (0 )+f(?;‘ +f(§) |_+f(%)] ~ 0.191406
Re=1[f(3) + F(2) +---+ £(%) + f(1)] ~0.316406
Ts = 55 {fO) +2[£(5) + £(3) +---+ F(5)] + F(1)} ~ 0.253906

Ms = 5[f(35) + f(35) -+ (1) + f(g")] = 0.248047
By~ 1 —0.191406 ~ 0.058594, Er ~ 1 — 0.316406 ~ —0.066406,
Br ~ 1 — 0.253906 ~ —0.003906, EM ~ 1 — 0.248047 ~ 0.001953.

[continued]
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n=16: Lis = £[f(0)+ f(3) +f(;2(;) +~~-+f(}—g ] & 0.219727

16
Ris =% [f(£) +F(Z) +--+ f(2) + f(1)] ~ 0.282227
Tio = s {f0)+2[/() + (&) 4+ 109)] + 1) = 0250870
Mo = 55[f(55) + /(55) + - + /()] ~ 0249512
Er =~ 1 —0.219727 ~ 0.030273, Eg ~ 1 — 0.282227 ~ —0.032227,
Er = ; —0.250977 ~ —0.000977, lar & 1 — 0.249512 =~ 0.000488.
n L, Rn Tn M, n| Eg Er Er Eun

0.140625 | 0.390625 | 0.265625 | 0.242188 410.109375 | —0.140625 | —0.015625 | 0.007813
0.191406 | 0.316406 | 0.253906 | 0.248047 810.058594 | —0.066406 | —0.003906 | 0.001953
16 | 0.219727 | 0.282227 | 0.250977 | 0.249512 16 | 0.030273 | —0.032227 | —0.000977 | 0.000488

Observations:

1. Er, and Er are always opposite in sign, as arc B and Eys.

2. As nis doubled, E and Er are decreased by about a factor of 2, and Er and Es are decreased by a factor of
about 4.

3. The Midpoint approximation is about twice as accurate as the Trapezoidal approximation.
4. All the approximations become more accurate as the value of n increases.

5. The Midpoint and Trapezoidal approximatjons are much more accurate than the endpoint approximations.

2. [} /Zde = [%wsﬂ]: =2(8-1) =4 ~ 4666667
n=6 Az=(4-1)/6=1%
=55 V1I+2V15+2v2+2vV254+2V3+235+ V4] ~4.661488
= 3 [VI.25+ V1.75 + v2.25 + V/2.75 + v/3.25 + v/3.75 | ~ 4.669245
Sezg%[f+4r+2f+4f—+2f+4r+f]w4.666563
Br~ 1 — 4661488 ~ 0.005178, Ea ~ 1 — 4.669245 ~ —0.002578,
Es ~ % — 4.666563 ~ 0.000104.

n=12 Az=(4-1)/12=3
Tiz = 75 (f(1) + 2[f(1.25) + F(L.5) +--- + f(3.5) + f(3.75)] + f(4)) ~ 4.665367
Miz = 2[£(1.125) + F(1.375) + f(1.625) + - -- + f(3.875)] ~ 4.667316
S12 = ﬁ[ F(1) +4 F(1.25) +2 f(1.5) + 4 f(1.75) + - - - + 4 f(3.75) + f(4)] = 4.666659
Er ~ X — 4665367 ~ 0.001300, Ey ~ % — 4.667316 ~ —0.000649,
Es ~ 1 _ 4666659 ~ 0.000007.
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Note: These errors were computed more precisely and then rounded to six places. That is, they were not computed
by comparing the rounded values of Tr, My, and Sy, with the rounded value of the actual integral.

n Tn M, Sn n Er Ewm Eg
6 | 4.661488 | 4.669245 | 4.666563 6 | 0.005178 | —0.002578 | 0.000104
12 | 4.665367 | 4.667316 | 4.666659 12 | 0.001300 | —0.000649 | 0.000007
Observations:

1. Er and Ej are opposite in sign and decrease by a factor of about 4 as n is doubled.

2. The Simpson’s approximation is much more accurate than the Midpoint and Trapezoidal approximations, and
seems to decrease by a factor of about 16 as n is doubled.

Ax=(4-0)/4=1
() Ty = L(£(0) +2f (1) +2f(2) +2f(3) + F@)]~ 20+2(3)+2(5) +2(3) +1] =115
() My =1-[f(0.5) + f(1.5) + f(2.5) + f(3.5)] = 1 +4.5+45+2=12
(©) Sa = 3[£(0) + 4F(1) +2£(2) +4£(3) + F(4)] = [0+ 4(3) + 2(5) + 4(3) + 1] = 118
(a) We are given the function values at the endpoints of 8 intervals of length 0.4, so we’ll use the Midpoint Rule
withn = 8/2 = 4and Az = (3.2 - 0)/4 = 0.8.
J32 f(2) do ~ Ma = 0.8[£(0.4) + f(1.2) + f(2.0) -+ f(2.8)]

=0.8[6.5 + 6.4 + 7.6 + 8.8]

=0.8(29.3) =23.44
) —4< f'(x) <1 = |f'(z)| <4,s0use K =4,a=0,b=32 andn = 4 in Theorem 3. So

4(32-0)° 128

Sy~ a5 = VM

|Em| <

By the Net Change Theorem, the increase in velocity is equal to f(f a(t) dt. We use Simpson’s Rule with n = 6 and
At = (6 — 0)/6 = 1 to estimate this integral:
JEa(t)dt = Ss = 1[a(0) +4a(1) + 2a(2) + 4a(3) + 2a(4) + 4a(5) + a(6)]
~ 1[0+ 4(0.5) +2(4.1) +4(9.8) + 2(12.9) +4(9.5) + 0] = 1(113.2) = 37.73 ft/s

By the Net Change Theorem, the energy used is equal to fOG P(t) dt. We use Simpson’s Rule with n = 12 and

At = (6 — 0)/12 = 1 to estimate this integral:

S P(t) dt ~ S12 = H2[P(0) + 4P(0.5) +2P(1) + 4P(1.5) +2P(2) + 4P(2.5)
+2P(3) 4 4P(3.5) 4 2P(4) + 4P(4.5) 4+ 2P(5) + 4P(5.5) + P(6)]
= 1[1814 + 4(1735) + 2(1686) + 4(1646) + 2(1637) + 4(1609) + 2(1604)
+ 4(1611) + 2(1621) + 4(1666) + 2(1745) + 4(1886) + 2052]
= 1(61,064) = 10,177.3 megawatt-hours.
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37. Lety = f(x) denote the curve. Using cylindrical shells, V = f 2wz f(z)de = 2w f2 zf(z)dr = 2nl.

Now use Simpson’s Rule to approximate /:

I~ Sy =022 [2f(2) +4-3f(3) +2-4f(4) +4-5f(5) +2-6f(6)

+4-TF(7)+2-8f(8) +4-9f(9) + 10£(10)]
[2(0) + 12(1.5) + 8(1.9) + 20(2.2) + 12(3.0) + 28(3.8) + 16(4.0) + 36(3.1) + 10(0)]
(395.2)

1
3
1
3

Thus, V = 2 - $(395.2) ~ 827.7 or 828 cubic units.
39. Volume = 7 [2 (Y1 +2°)" dz =« [ (1 +2%)*% do. V ~ 7. 810 where f(z) = (1+2°)*/® and

Az = (2—0)/10 = L. Therefore,

~m- S10 = w5y [F(0) + 4£(0.2) + 2£(0.4) + 4F(0.6) + 2£(0.8) + 4F(1)

+2f(1.2) + 4 (1.4) + 2£(1.6) + 4f(1.8) + £(2)] ~ 12.325078

2 1n2 .
1(6) = ﬁ—zl—zn—ﬁ where k = ’—TM/\S“’—H, N = 10,000, d = 10~%, and A = 632.8 x 10~°. So

_(10Y?sin?k _ m(10)(107%)sin @ 3 _107% —(-107%) .
1(0) = T,wherek = —emEx10 Now n = 10 and Af = ST — =2x107",

s0 Mio = 2 x 10~ 7[I(~0.0000009) + I(—0.0000007) + - - - + 1(0.0000009)] ~ 59.4.

43. Consider the function f whose graph is shown. The area foz f(z)dz y
is close to 2. The Trapezoidal Rule gives
To=32[f0)+2f(1)+f2Q)=3[1+2-1+1]=2.
The Midpoint Rule gives
My = 252 [£(0.5) + f(1.5)] = 1[0 + 0} = 0,

so the Trapezoidal Rule is more accurate.

45. Since the Trapezoidal and Midpoint approximations on the interval [a, b] are the sums of the Trapezoidal and
Midpoint approximations on the subintervals [z;—1,;:],i = 1,2,... ,n, we can focus our attention on one such
interval. The condition f”/(z) < 0 for @ < = < bmeans that the graph of f is concave down as in Figure 5. In that
figure, T, is the area of the trapezoid AQRD, f: f(x) dx is the area of the region AQPRD, and M, is the area of
the trapezoid ABCD,so T, < f: f(z) dz < M,. In general, the condition " < 0 implies that the graph of f on
[a, b] lies above the chord joining the points (a, f(a)) and (b, f(b)). Thus, f: f(x)dz > Ty. Since My, is the area
under a tangent to the graph, and since " < 0 implies that the tangent lies above the graph, we also have

M, > f: f(z)dz. Thus, T, < f: f(z)dx < M,.
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41. Tn = 3 Az [f(20) + 2f(21) + -+ + 2f(@n-1) + f(zn)] and
M = Az [f(T1) + f(Z2) + -+ + f(Tn-1) + f(Tn)], where T; = 3 (zi—1 + ). Now
Ton = 3 (3 A7) [f(zo) + 2f(F1) + 2f (1) + 2 (Z2) + 2f (z2) +
+ 2f(@n-1) +2f (&n-1) + 2f(@n) + f(zn)]

50 H(Tn + Mn) = 3T0 + M,

=3 Az [f(zo) +2f (m1) + -+ + 2f (xn—1) + f(an)]

+ 1Az [2f(T1) + 2f(T2) + -+ + 2f Fn—1) + 2£(Zn))]
=To,

1.8 Improper Integrals

. ozt NP ) R .
1. (a) Since f1°° z*e™®" da has an infinite interval of integration, it is an improper integral of Type I.

(b) Since y = sec x has an infinite discontinuity at x = %, (;' /% secadzisa Type II improper integral.

x

P dz is a Type Il improper

2
(c) Since y = has an infinite discontinuity at x = 2, /
0

x
(x —2)(z - 3)

integral.

0
(d) Since / E%—_E)- dx has an infinite interval of integration, it is an improper integral of Type I.

3. The area under the graph of y = 1/z® = z73 between z = land z = t is
AR) = [la 3 de = [~327%]) = ~3t72 = (1) =1 —1/(2t*) . Sothe area for 1 < x < 101is
A(10) = 0.5 — 0.005 = 0.495, the area for 1 < z < 100 is A(100) = 0.5 — 0.00005 = 0.49995, and the area for

1 <z <1000 is A(1000) = 0.5 — 0.0000005 = 0.4999995. The total area under the curve for z > 1is
lim A1) = Jim [£ - 1/(2%)] = 1.

° 1 Y A

1 1
/(3z+1)2 §/qu [u =3z + 1, du = 3dx]

1 1
——@-i-C— 3Gz +C
- 1) 1l op 1oL
soI—tlirgo [—3(3 +1} = { 3t—|—1) —0+12—12. Convergent
o ol -1
7./_00 NoETT dw—tl}moo t \/ﬁﬁdw—thm [— 2\/2—w]t [u =2 —w, du = —dw]

= lim [-2v3+2+2—=1] = co. Divergent



320 O CHAPTER7 TECHNIQUES OF INTEGRATION

t
9. [CeVidy = Jim [ie v dy = Jlim [—26"“2} = Jim (272 + 27 =0+ 2e"2 =2¢72

Convergent

1 /°° zdr _/0 rdzx +/°° zdx and
1422 ) 1422 fy, 1422

0
d . - i
/oo 1x+ iz = Mim [3In(1+ %)), = Jim [0~ 3In(1+1%)] = —co. Divergent

3. [ ze™® dz = f(_)oo ze~®’ dz + 55 ze*" dz.

f° ze®’dz = lim (—%){e"‘g]: = lim (-3%) (1 - e‘tz) =-2-1=-1 and

t——o0 t——oo

oo —z2 . 1 27t . 42
Jo*we™ dz = lim (<3)[e7] = hm (~-3) (e ~1) =~§- (-1 =3,
Therefore, [ _xe =% gy = —% 4+ 3 =0. Convergent

15. [°sinfdf = Jim [y sin0do = Jim [— cos 6] ;r = lim (— cost + 1). This limit does not exist, so the integral

is divergent. Divergent

® z+1 [P 3(2z+2) 1 2 t_ 1y 2
w [ e = i [ AT =i [mGe® 4 20)) = § Jim [ +20) 03]

= oco. Divergent

e ¢ 1 1 ¢ by integration b
19. se % ds = lim se”% ds= lim |—Zge % — —¢75° g R
0 t—oo J, t—o0 5 25 0 parts withu = s
_L
25

T3 2e™% 4+ L) =0—-0+ % [by'Hospital’s Rule]

lim (—%te 1

t—oco

=L
= 5z. Convergent

2
&1—2& = oo. Divergent

t—oo

21. / lr;w dr = lim [(ln :1:) } (by substitution with v = Inz, du = dz/z) = tlim
1 — 00

0 .’E2 oo 1132 o] 32'2
_x ozt ince the i . ‘
23/ 9+ s—dr= / 9+$6d +/0 97 20 dx 2/0 91 28 dz [since the integrand is even]
Now [ Fdz [u=s? _ [ _3du w=3 | _ [3Bdv) 11 dv
9+ 28 |du=3z%dz| T | 94u? |du=3dv| T [ 94902 9 ) 1402
- N Ry L2
—gtan u+C’-—9tan (3)+C’- tan 3 +C,

9
0o L2 ) t 2 ) 1 - 3 t
SO 2/0 md$—2tl_1}£lo A 9—{-1)6 dz -»—2}1}11210 [gtan (5‘)}0

.1 a8 2 7w
—211m9ta,n ( )-9-2—9. Convergent

t—00 3

25. Integrate by parts with u = Inz, dv = dz/2> => du=dz/z,v= —1/z.

oo t
/ In—fdw:lim/ln—acdar:—hm [—I—Ilf—l} =lim<—ln—t——+0+ )
1z 1 t

1 l’ t—oo x x t—oo
=—0-0-+0+1=1

1
since hm nT LT L

t—oo t—»oo 1

= 0. Convergent
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27. There is an infinite discontinuity at the left endpoint of [0, 3].

3 de

L % —t_'0+/ oA lim [2\/—] :tEI(I)lJr(Z\/g—?\/E) =2+/3. Convergent

t—0+

29. There is an infinite discontinuity at the right endpoint of [~1, 0.

0 t IPRE:
/ de = lim dz = lim [—1} = lim {—l—f——} = 0o. Divergent
-1 !

&

T 1

3 0 3 o} -3t
dz dz dx dx 7 1 1
1. b A, = iy AP _r = & —— —_ —| —0o. Di
3 /_2 o /~2 v —I-/0 o but/_2 o tlrg[ 3 ]_2 thl’é’l_|: s 24} oo. Divergent

33, There is an infinite discontinuity at z = 1. fos?’(w —1)"Vdz = fol(a: 1)V gy + flsg(w —1)"Y5 dz. Here

¢
fol(a: —1)"Vode = tEIP_ fot(w 1)~ Yo dg = hm [%(:v - 1)4/5] = lim [%(t — )R8 %} =—5and

—1- 0 tol1- 4
33 —1 . 33 / 5 ;
=-1) /5 dm:tli?Jr D=1 5dac—thm [ (z —1)Y ]t —tEranr [% -16 — %(t~1)4/5] = 20.

Thus, [ (z —1)""de = —2 420 = 2. Convergent

e
35. f(;rsecar:dm:foTr seczdx+f/2secac«ia: fo secx dxr = lil}l fotsecmd:c
t—n /2

1t
= lim [ln |sec z + tan z| U= lim In |sect + tant| = co. Divergent
t—ow /27 40 t—w /27

1 x 0 x 1 @
37. There is an infinite discontinuity at z = 0. / © dz= / € _dz+ / € da.
J_1er—1 1 e*—1 o e*—1

0 x t x +
/ ® _de= lim € _dz= lim [ln|e”-1|} = lim [ln|et—1{—1n]e_1 —1” = —00,
_1e*—1 t—0— J_; e —1 £—0— ~1  t—0—

(e

1 e 1 e
S0 / dz is divergent. The integral /
_,e*—1 0 €% —

1 dx also diverges since

1 x 1 z 1
/ ® _dr= lim ¢ _dr= hm [ln|e —1|} = hm [ln!e—1| ln|et—1|] =
o e*—1 o0t J, e* —1 t

Divergent

3 2
39.7= f02 Zlnzdz = lim, ff Plnzdz 2 lim+ [%—(iﬂnz— 1)]
t—0 +

= lim [§BIn2-1)— 1*Blnt—1)] =§In2-§ -1 Jim, [t*(3Int—1)] =%m2-§ - 1L

t—0F

3Int — 3t 3 _
Jim = tir& ey tElglJr(—t ) = 0. Thus, L = 0 and

Now L = lim [3(8lnt—1)] =
ow L= i, [P(o1nt =)

I=%8In2—- &, Convergent
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L1 43,

45, Area = f(;'/2 sec? zdzx = t——»}ir%)_ f; sec? z dx
= lim [tanz]!= lim (tant—0
ts(m/2)~ [ Jo t—>(7r/2)—( )
= 00
% Infinite area
sin® z
47. (a) - glz) = o
t J; 9(z) dx ) )
It appears that the integral is convergent.
0.447453
0.577101
10 | 0.621306

100 | 0.668479
1000 | 0.672957
10,000 | 0.673407

sin? z
22

1 . L | .
) —1<sinz <1 = 0<sin’z<1 = 0< <= Smce/ = dax is convergent
1

* gin® g
2

(Equation 2 withp = 2 > 1), f dz is convergent by the Comparison Theorem.

1

Since [ f(x) dz is finite and the area under

g(x) is less than the area under f(z) on any
interval [1, ], [° g(z) dz must be finite; that is,

the integral is convergent.
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cos? z 1 1

49. F >, —= < — < .
rE 2 1+w2_1+m2<x2

&S] 1 . . ) oo 2
/ = dz is convergent by Equation 2 with p = 2 > 1, so / 5 %
1

1 1422

is convergent by the Comparison Theorem.
5. Forz > 1L, z+e* >e* >0 = g < — =e *on [1, 00).

t
o0 - _ . 1 R _ [ o} _ .
/ e * dz = lim {~%e 21 = lim {—%e e 2] = %e 2.Therefore,/ e % d is convergent,
1 1

t—o0 1

and by the Comparison Theorem, / m—fia;% is also convergent.
1 ST
1 /2 w/2 w
5, — > 1o (0,] since 0 < sinz < 1. / Z — lim 9 _ yim [Inz]7/*
zsinz ~ z o z  t—ot J, T -0t t
/2 dr /2 g
Butlnt — —coast — 07, so / — is divergent, and by the Comparison Theorem, / —— is also
0 z o xsinz
divergent.
©  da Yode *  dz Y de b do
55. - + - lim/ __+nm/ — % Now
/0 vz (1+ ) /0 Ve(l+z) )i Vel +z) o+ ), Ve(lda) =) VE(l+z)
dx 2u du 2
/ VE(1+72) /u<1+u2> S C b
=2 2 :2tan_1u—|-C=2tan_1\/E+C,
1+ u?
80 /oo s lim [2tan_1\/57]1 + lim [2tan_1\/5]t
o Vo(ld+z) S0t t oo 1
s s -1 . -1 ™ _m s T
= lim [2(f) —2tan™'VE] + lim [2tan™'vE-2(f)] =5 -0+2(5) -5 =
1 1
57. If p = 1, then / dz = lim dz = lim [ln a:]i = oo. Divergent.
o TP im0+ ), x t—0+
Y dx b dx
If p # 1, then / — = lim — (note that the integral is not improper if p < 0)
o TP t—0t J; P

7Pttt 1 1
= lim = lim —— |1 - —
t—ot [—p+ 1], s—ot1l-p et
Ifp>1,thenp—1>0,so0 tpi_l — oo ast — 07, and the integral diverges.

Ifp<l,thenp—1<0,so0

1 EEE 1
o P 1—p

11 — Oast — 0" and

tP—

ey B |
0= =25

.1
Thus, the integral converges if and only if p < 1, and in that case its value is T
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9. First suppose p = —1. Then

1 1 1
Inz . Inz . 271 : 2
[ = [ e g [ = i () = iy O =

so the integral ‘diverges. Now suppose p # —1. Then integration by parts gives

r mp+1 | zP x"+1 mp+1 c
' Inxdr = ny — dxr = Inz — + C. If p < —1, the 1 <0,
/ p+1 /p+1 p+1 (p+1)? g = *

1 p+1 p+1 1 _
/ 2’ Inzdr = lm [:c_ Ing — —~ S| = : 7 — L lim |¢P*! lnt—L = 00
0 t—o+ | p+ 1 +12%], (p+1) p+1/ a0+ p+1

Ifp>—1,thenp+1>0and

g -1 1 Int—1/(p+1) u -1 1 1/t
P - _ lim = — im
/O a’lnz de = (p+ 1) (p 1) P8 t—(p+1) (p+1)2 (p+ 1> t_.h ot —(p+ 1)t~ (P+2)

-1 1 . 1 -1
eSS + lim *P* = ———
p+D? T (P12 eor »+1)?
. 1 . . .
Thus, the integral converges to —(—m if p > —1 and diverges otherwise.

61. @ I = [ zdr = ffoozdx—i—fomxdm, and

lim [4¢® — 0] = oo, so I is divergent.

t
1 2] lim

oo T t o 1 _
J5 e = Jim [ ode = i (327) =,

®) [, zde = [%zz]t_t =1t -1 =0,50 Jlim. [, zdx = 0. Therefore, [°°_zdx # Jim. [, zda.

% 2 t t
63. Volume = / 7('(—;*) dez =7 lim d—f = lim [——l} = lim (1 - %) =7 < 0.
1

t—oo J1 T t—o0 T 1 t—o0

oo t
65. Work = / Fdr = lim / G";M d = lim G| = — 2] =S 5 it Tnetioenszy
R tooo fp T t—o0 R t R

provides the work, so 2mvj = Q%M = wvg =4/ 2GTM

67. (a) We would expect a small percentage of bulbs to burn out in the first few hundred hours, most of the bulbs to burn

out after close to 700 hours, and a few overachievers to burn on and on.
y (b) r(t) = F'(t) is the rate at which the fraction F(t) of

o y=F{t) burnt-out bulbs increases as ¢ increases. This could be

interpreted as a fractional burnout rate.

© [°r(t)dt = lim F(z) =1, since all of the bulbs will

0 760 t eventually burn out.
(in hours)
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69. I = = ; dz = lim P dr = hm [tan_1 m]t hm (ta,n_1 t—tan™! a) =Z _tan la
) . Z2+1 22 +1 a 2 )

t—oo a T t—00 t—o0

1<0001 = Z-tan"'a<000l = tan"'a>% —0001 = a>tan(§ —0.001) ~ 1000.

o0 . ol : e—st n e~sm 1 1
N. (a) F(s) —_—/ ft)e " dt :/ e *'dt = lim [— ] = lim ( + —>. This converges to 3
0 0

n—00 8 0 —8 8

only if s > 0. Therefore F(s) = % with domain {s | s > 0}.

e ] o0 n TN
(b) F(s) = / f(t)e " dt = / e tdt = lim | ¢~ dt= lim |——et(~9
0 0 1-s o

n—0C 0 n—00
. e(l«s)n 1
= lim —
n—ooo\ 1—38 1—s

This convergesonly if 1 —s <0 = s> 1, in which case F(s) =

11 with domain {s | s > 1}.

(©) F(s) = [;° f(t)e™* dt = Jim_ Jo te™*t dt. Use integration by parts: letu =t, dv = e™**dt =

—st 1 n _ 1 1 1
du = dt,v = ~<—. Then F(s) = lim —Ee—” — et = lim [ — - +0+5 ==
S n—00 s §2 o n—oo \ ges™ s2es™ s2 $2

only if s > 0. Therefore, F'(s) = 3—12 and the domain of F'is {s | s > 0}.
1. G(s) = [;° f'(t)e™** dt. Integrate by parts with u = ™%, dv = f'(t)dt = du= —se™*, v = f(t):
G(s) = Jim [f(t)e‘“] +s [ ft)e St dt = Jim_ F(n)e™*™ — f(0) 4+ sF(s)

But0< f(t) < Me*® = 0< f(t)e " < Me*e** and Jim Met(®=%) = for s > a. So by the Squeeze
— 00

Theorem, lim fte *t=0fors >a = G(s)=0— f(0)+ sF(s) =sF{(s) — f(0) fors > a.

2
75. We use integration by parts: let u = x, dv = e~ dz = du= dz,v = ——%e'z . So
2
Is° z?e™® dr = tlgg {—-% ze™” ] e —=* dz

= lim {—t/(%ﬂ)] +3 7 e dr = 3157 e do

t—oco

(The limit is O by I’Hospital’s Rule.)



326 O CHAPTER7 TECHNIQUES OF INTEGRATION

77. For the first part of the integral, let z = 2tanf = dz = 2sec®6db.

1 2sec? @
e d | gy = [ ec08= Injsect i tant Erom.the
N
figure, tan = g, and sec§ = _m2—+4 So

t

2+4 T+2

%) B %)
I:/ (——1—— ¢ )dm-——lim ln’—g-éj———%-{—g
0 L

-~ Cln|z + ZI]
0

= lim
t-— 00

[ Vi2444t
In ———— -

Cln(t4+2) - (lnl— C'ln2)]

r N
= lim Lln(t_|——4—‘—t) +ln2c]

t—50 2(t+2)¢
2
=ln(lim ek Ll ”Jg4> +1n20"
t—oo (4 2)
L t+VE+d w1+t +4 2
Now L = lim ————— = lim =

tmoo (t42)C  t—eo C(t4+2)°70 C lim (t+2)°°1

IfC < 1,L = oo and I diverges. If C = 1, L = 2 and I converges to In2+n2°=Wm2.IfC>1,L=0and ]

diverges to —oo.

7 Review
CONCEPT CHECK

1. See Formula 7.1.1 or 7.1.2. We try to choose u = f(z) to be a function that becomes simpler when differentiated
(or at least not more complicated) as long as dv = g’(z) dx can be readily integrated to give v.

2. See the Strategy for Evaluating [ sin™ x cos™ z dx on page 484.

w

. If va? — z2 occurs, try = asin8; if v/a? + 22 occurs, try £ = a tan6, and if v/z? — a? occurs, try z = asecf.
See the Table of Trigonometric Substitutions on page 490.

4. See Equation 2 and Expressions 7, 9, and 11 in Section 7.4.

5. See the Midpoint Rule, the Trapezoidal Rule, and Simpson’s Rule, as well as their associated error bounds, all in
Section 7.7. We would expect the best estimate to be given by Simpson’s Rule.

6. See Definitions 1(a), (b), and (c) in Section 7.8.
1. See Definitions 3(b), (a), and (c) in Section 7.8.

8. See the Comparison Theorem after Example 8 in Section 7.8.
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TRUE-FALSE QuUIZ
. False. Since the numerator has a higher degree than the denominator,
z(z® + 4) .8 A B
22 —4 22 —4 z+2 -2
. False. It can be put in the form 4 + Ez + ———C—
T T z—4
. False. This is an improper integral, since the denominator vanishes at x = 1.

4 1 4
X T T
dzr = d. d: d
/o 21 /o -1 “/1 P

1 t "
/ L _dz= lim %dm: lim [%ln]x2—1|] = lim %ln|t2—1I=oo
0o 22 —1 to1- Jg 22 —1 t51- 0 t—ol—

So the integral diverges.
. False. See Exercise 61 in Section 7.8.
. (a) True. See the end of Section 7.5.

(b) False.  Examples include the functions f(z) = e, g(x) = sin(z?), and h(z) = 31237.

. False. If f(z) = 1/z, then f is continuous and decreasing on [1, co) with mllvlgo f(z) =0,but [ f(x)dx
is divergent.

. False, Take f(z) = 1forall z and g(z) = —1 for all z. Then [° f(z) dz = co [divergent] and

[ g(z)de = —oc [divergent], but [ [f(z) + g(z)]dz =0 ([convergent].

EXERCISES

5oz 5 10 5
. = 1- dr = |z — 101 1
/0 I+10dm /0 ( :c—l—lO) z [a: Oln(z -+ 0)]0

=5-10In15+10In10 =5+ 10In12 =5+ 10In 2
/2 /2
/ -—Cﬂdaz[ln(usme)] Y —Im2-Inl=In2
o 1l+siné 0
. Let u = secz. Then du = secztanz dx. so
ftan” zsec® zdz = [tan® rsec’ rsecztanzdr = [ (u? — 1)3u2du= S (u® —3u® +3u* —u?) du

149 347 4 8,5 _
=5 — U +5u

%u3+C=%sech—%sec7x—|—%secsm—%sec3:c+0

. Letu =1nt, du =dt/t. Then/

4 v=Inz dv=2z"%de,
/ #*?Inzdz [ } =
1

du=dz/z = %a‘5/2

Sln(tlnt) dt = /sinudu =—cosu+ C = —cos(Int) + C.

4 4
[m5/2 lnw] — 2/ 232 dg
1 5/

4
= 2(32n4 ~In1) - £[22"?]

ol ho

=2(64In2) — £(32—1)

_ 1287, 9 _ 124 6414 _ 124
=18m2- 2 (or £In4 )
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11. Let x = sec 8. Then

/ \/—d _/"/3tan0

/3 ©/3
secftanfdf = / tan” 6 df = / (sec® 6~ 1) do
0 0

sec @

:[tan0—9]3/3=\/§-—§

dx _ 1 x _ 1 2
13. z3+m—/<m x2+1>dm-ln|x| tn(z®+1)+C

15. [sin® @ cos® 0dO = [sin® 0 (cos2 0)2cos9d0 = [sin®@ (1 — sin? 9)20050d9
= [u? (l—uz)2 du [u=sinf,du=cosfdf] = fu®(1—2u®+u')du
=f(u2—2u4+u6)du=%u3—§u5+%u7+0=%sinaﬂ—%sin50+%sin79+c

17. Integrate by parts with u = z, dv = secztanzdx = du =dz, v =secz:

14
frcseca: tanx dxr = xrsecx — fseca:dz =xsecz — Inlsecz + tanz| + C.

19/ — / o do= [ 8L 4 | w=dtL
) 9x2+6w+5 (9z24+6x+1)+4 ) (Bz+1)2+4 du = 3dx
_(3u-1]+1 71 _1‘1/(u—1)+3
“/ u?+ 4 ) =33 Et+a

1[ u 1 2 2 1, (1
_9/u2+4du+9/u2+22d 9 21'1(“ T Fg g ten (2“>+C

= £ In(92® + 6z +5) + s tan "' [3(3z + 1)] + C

21.
*2 (x— 27 -2
=xt—4x
[4
2

:/w {d @ — 2 = 2sech, } =/sec9d9=ln|sec9+tan0|+C'1

2tan @ r = 2secftand df
— 2 —
=In z22+ m2 . —|—C1:lnlw—2+\/w2—4:cl+C’,whereC’=C’1—ln2

23. Letw = cot4z. Thendu = —4csc?dzde =
[esc* dzdz = [ (cot® 4z + 1) csc® dzdr = [ (u® + 1) (-3 du)

= _%(%u:’ +u)+C= —le—(cote’ 4z + 3cot4z) + C
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3m3—x2+6$—4_Aa:—|—B Cx+ D
(> +1)(z2+2) 2241 z? +2

3z° — 2® + 6z — 4 = (Az + B) (2 + 2) + (Cz + D) (2* 4+ 1). Equating the coefficients gives A + C = 3,
B+D=~1,2A+C=6,and2B+ D = ~4 = A=3,C=0,B=-3,and D = 2. Now

32 — 2%+ 62— 4 dzx
/(m2+1)($2+2) aa = 3/w 4 +2 x2 +2

= gln(a:2 + 1) —3tan" 'z ++v2tan™! (%x) +C

27. fo cos’ zsin2zdz = [ /% cos® z (25in z cos z) da::fgr/22cos4wsina:dm: [~—§-cos5x]g/2=§

29. The product of an odd function and an even function is an odd function, so f(z) = z° sec z is an odd function.

By Theorem 5.5.7(b), [, z° secz dz = 0.
3. Letu = \/e* — 1. Then u® = € — 1 and 2udu = ® dw. Also, €® + 8 = u2 + 9. Thus,

In10 3, 3,2 3
/ 1 u2udu:2/ U du:2/ 1— 9 du
e‘”+8 o w49 o u2+9 0 u?+9

Z{u—gtan_l(gﬂz:2[(3—3tan_11)—0] =2(3-3. 7)) =6-

33. Letz = 2sinf = (4-— m2)3/2 = (2cos6)®, dz = 2 cos 8 db, so

/(4 3/2 x—/g:)n 32 cos 0 db : B

:/tan29d0= /(secze—l) do Ji—

=tan0——0—|—C’:——m———-sin_1(£)+C’

4 — g2

T T u=1l+Ve I, _1/2
* e | v wa [f J =)= [
=4/u+C=4\/1+/z+C

31. [(cosz +sinz)®cos2zdx = [ (cos® x + 2sinz cos z + sin® @) cos 2z dx
= [ (1+sin22)cos2zdz = [cos2xde + % [sindzrdr = Lsin2z — 1 cosda + C
2

Or: [(cosz +sinz)? cos2zdz = [(cos z + sin z)? (cos? z — sin? z) da

= [(cosz + sinz)*(cos x — sinx) dz = 2(cosz +sinz)* + C1
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2z
39. We’ll integrate I = / (1—':62;)—2 dz by parts with u = ze*® and dv = (1_+%-)_2— Then

1
du:(m.262w+ezw.1)dwandv:—§'1_{_1233,50
1 ze® 1 "2z +1) ze®® 11 2
=3 +2x‘/["§'_rﬁr =3T3 *C

12 e e 1 T 1/2 11 1 11
—— — T e = —_—— - =11 = - = —e - —,
Thus’/o 1 +22)2 4z [e (4 4:c+2>]0 e<4 8) (4 0) 8¢ 1

o0 1 t t
a1 / —— —dr=lim | m———dr=lim | (2z+1)"°2dz
1 (2(1.': —+ 1)

cim [~ b ] sl [ L1 1 1)L
Cimoo | 42+ 1)), 4t [(241)2 9] 4 9) 36

zlnz |4y =2
z

d u=Inz, du
43./ i dz :/ - =Inju|+ C =In|lnz| + C,so

/°° dz_ _ lim / " = lim [ln]lnzlr = lim [In(In¢) — In(In 2)] = oo, so the integral is divergent.
2 zlnz t—oo f, zlnz t-oo 2 t—oo

45/ ln—xda:- lim lna: dz = hm [2\/_lnz—4\/_]

t-—0F \/_
=t11r(§1 [(2 2In4—4-2)— (2vtInt —4+v%)] = (4In4-8)—(0—0) =4In4 -8

(%) Letu:lnm,dv=%dz = du:idz,u:Q\/E.Then

I\I;fdm—Z\/_lnw— \/_ =2yzInz -4z +C
() hm (2v1 Int) = hm t21_1n/§ Etl_i,%l+ —~2t/t3/2 =tE%1+ (-4v%) =
‘"'/oa'ﬁi‘m”—‘ /<w+1>x—2) / s :%’m
[ = [ F8 475 o= o [3u]i2 }
ZtEgle [%lni—%ln %;—fl}zoo

SO / ’ d—z diverges
o T2—z—2 ges-
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49, Letw = 2x + 1. Then

/°° dz _/°° 3 du _1/0 du +_1_/°° du
coo Az +5 _ur+4 T 2 ) ur+4 o 2), ui+4

. - 0 . —
=3 Jim_[3tan (Gu)], + 3 Jim (3 tan™ (3u)]

alia

0-(-%)]+il5-0=3
51. We first make the substitution ¢ = 2 + 1, s0 In(2? + 2z + 2) = In[(z +1)® 4+ 1] = In(¢?> + 1). Then we use
parts with u = In(t* + 1), dv = dt:

2
/ln(t2+l) dt=t1In(t* +1) —~/tt(222it =t In(t* +1) —2/&

=t (¢’ +1) —2/ (1—#) dt =t 1In(t* +1) — 2t + 2arctant 4 C

=(z +1) In(2? + 22+ 2) — 2z + 2arctan(z + 1) + K, where K = C — 2

[Alternatively, we could have integrated by parts immediately with 4
U= ln(ac2 + 2z + 2).] Notice from the graph that f = 0 where F has a . /?
I B

horizontal tangent. Also, F' is always increasing, and f > 0. )/\ L f

-4 2
J
-2
53. From the graph, it seems as though f;” cos® z sin® x dz is equal to 0. 0.2

To evaluate the integral, we write the integral as V\/\ w

I=["cos’x (1—cos’z)sinzdrandlety = cosz = 0 ! | 2

du = —sinz dz. Thus, I = [ u?(1 — u?)(~du) = 0. L W

85. u=¢" = du=¢e"dz,so

e’1 —e?* dg = \/1—u2dug-q1u\/1—uz—i—lsill_qu-C’:l e®V1 —e2® +sin~1(e*)] + C
2 2 2

57./\/mz—i—m—i—ldw:/y/aﬁ—l—m—i—i—v—k_ﬁi_dw:/\/(w-i—%)z—i—%dac

:/1/u2+ (@)Edu [u==z+ 3, du=dx]
géu\/m-%gln(u—i—,/u?-}—%) +C

= 21:2_1\/%2+x:+—1—+%ln(:c+%—|—\/m2+m—|—l)—|—C
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59.

61.

65.

a2 [_l az_uz_sm—l(ﬁ)w] VT 11
du u a

a2 — u2 \/1 _u2/a2 a

73
:(az_uz)—lm [u_lz (az_u2)+1_1] _,___a_u?i

(b) Letu = asinf = du:acosBdG,a2-—u2=a2(1—sin20)=a200520.

/h2 _ .2 2 2
/%m:/“—ﬂﬂda/ L S /csco—l 9 = —cot§—6+C

a?sin®6 sin? @

=X = = sin~" (2) +C
a

u
Forn >0, [ z"de = Jim [z™Y (n + 1)]; =oc0. Forn <0, [°a"de = [; a"dz + [° 2" dz. Both

integrals are improper. By (7.8.2), the second integral diverges if —1 < n < 0. By Exercise 7.8.57, the first integral

diverges if n < —1. Thus, [° z™ dz is divergent for all values of n.

. f(z) =v1+z4, Amzb;azl———ozi.

(@) Tio = 755 {/(0) + 2[£(0.1) + £(0.2) +--- + £(0.9)] + f(1)} ~ 1.090608
®) Mio = 75 [f(35) + f(55) + F(5%) + -+ F(5)] ~ 1.088840
(©) S10 = 755 [£(0) +4£(0.1) + 2£(0.2) + - - - + 4£(0.9) + f(1)] ~ 1.089429

f is concave upward, so the Trapezoidal Rule gives us an overestimate, the Midpoint Rule gives an underestimate,

and we cannot tell whether Simpson’s Rule gives us an overestimate or an underestimate.
f@) =1+ fl@) = (1 +2Y) 7 (4a®) = 223 (1 + =) V2, 1 () = (22° + 62%) (1 + 2*) 72,
A graph of f” on [0, 1] shows that it has its maximum at z = 1, so |f(z)| < f”(1) = v/8 on [0, 1]. By taking

Kb-—a)® 8
1202 1200

K = /8, we find that the error in Exercise 63(a) is bounded by =2 0.0024, and in (b) by about
1(0.0024) = 0.0012.
Note: Another way to estimate K is to let z = 1 in the factor 22° + 62? (maximizing the numerator) and let z = 0

in the factor (1 + z*) ~3/% (minimizing the denominator). Doing so gives us K = 8 and errors of 0.006 and 0.003.

_a)3 M3
KG=a) 00001 « 20=0) L

Using K = 8 for the Trapezoidal Rule, we have | Er| < o = 1272 < 100,000

n® > 802’20 ot n > 258.2, so we should take n = 259.
_\3
For the Midpoint Rule, |Ex| < —K—(é—)él—,fl <0.00001 < n2> 802’200 & n 2 182.6, so we should
T

take n = 183.
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67. At = (52 —0)/10 = 5.
Distance traveled = fom vdt = S1o
= 55340 + 4(42) + 2(45) + 4(49) + 2(52) + 4(54) + 2(56) + 4(57) + 2(57) + 4(55) + 56]
= 135(1544) =8.57 mi

69. (a) f(z) = sin(sinz). A CAS gives 4

F* () = sin(sin z) [cos* & + 7 cos® z — 3]
+ cos(sinz)[6 cos” zsinz + sin z|

From the graph, we see that l A (:r,)i < 3.8forz € [0, 7).

(b) We use Simpson’s Rule with f(z) = sin(sinz) and Az = 5
[ f@de~ F=5[f0) +4f(5) +2f(5) +---+4f (L) + f(m)] ~ 1.786721
From part (a), we know that | f@ (:c)| < 3.8 on [0, 7], so we use Theorem 7.7.4 with K = 3.8, and estimate the

_ 5
3.8(r — 0)" _ 4.000646.

< 22D T
error as |Eg| < 180(10)

(c) If we want the error to be less than 0.00001, we must have |Es| < lﬁé—z’% < 0.00001, so

n* > ﬁ(% ~ 646,041.6 = n > 28.35. Since n must be even for Simpson’s Rule, we must have

n > 30 to ensure the desired accuracy.

z3 z2

n = = iz for z in [1, 00). / % dz is convergent by (7.8.2) with p = 2 > 1. Therefore,
1

T 42 T o5

oo 3

T ] :

/ P dz is convergent by the Comparison Theorem.
;T

73. Forz in [O ] 0 < cos’z < cosz. For z in [2,1r], cosz < 0 < cos? z. Thus,

1r/2

area = (COS T — COS2 :c) dz + f:/Z (COS2 T — COos .'.C) dz

= [sinz — iz — {sin20]"* + [$2 + § sin2c — sinz]”
=[@-5) -0+ [5-(§-1)] =2
75. Using the formula for disks, the volume is
V=[xlf@)? de=m[T/* (cos?z)? dz = 7 [7/? [1(1 + cos 22)]* d
x [n/2

=2 [™?(1 + cos® 2z + 2cos2z) dz = § [1+ 2(1 + cosdz) +2cos 2z) dz

= §[3o+ 3(jsinda) +2(3sin2a)]7" = F[(F +§-0+0) 0] = F5
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71. By the Fundamental Theorem of Calculus,
I @) de = lim [ f'(z)de = lim [£(£) — f(O)] = Jim f(£) ~ £(0) =0~ £(0) = —£(0).

M Letu=1/z = z=1/u = dr=-(1/v")du
/°° Ing dm——/o In(l/u) ( du __/0 —Inu (—du)—/o Inu du = — * lnu i
b 1+z2 7 J o 1+1/u? w2 ) Jouz+1 T S T u? “= o 14+u? h

o o0
Therefore, / Lt de = — / L dz =0.
o 1+4+x2 o 1422
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150

—80

By symmetry, the problem can be reduced to finding the line = ¢ such that the shaded area is one-third of the area
of the quarter-circle. The equation of the circle is y = /49 — 2, so we require that [’ VA9 — 2% dx = % . i7r(7)2
& [32V49—27 + £ sin™!(z/7)]; = L7 [by Formula30] < 3EVA9 — 2+ Lsin~(c/7) = L.
This equation would be difficult to solve exactly, so we plot the left-hand side as a function of ¢, and find that the

equation holds for ¢ & 1.85. So the cuts should be made at distances of about 1.85 inches from the center of the

pizza.

3. The given integral represents the difference of the shaded areas, which appears

to be 0. It can be calculated by integrating with respect to either z or y, so we
find z in terms of y for each curve: y = /1 — 27 = 2z = m and
y=v1-2° = z= W » SO

fol(av L=y7 =1 —y3) dy=f; (VI=a® =1 — a7 ) dz. But this

equation is of the form z = —z. So fol (V1—27— J1 - 28 ) dz = 0.

5. Recall that cos A cos B = §[cos(A + B) + cos(4 — B)). So
f(x)=J§ costcos(z —t) dt = [ [cos(t + & — t) + cos(t — @ + £)] dt
=3 Jo lcosz + cos(2t — z)] dt = L [tcosz + L sin(2t — z)] o
=% cosx + gsin(2r - z) — } sin(—az) = Z cosa + 1 sin(—z) — 1 sin(~z)
Fcosw

The minimum of cos z on this domain is —1, so the minimum value of f(z) is f(r) = — =

335
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7. In accordance with the hint, we let I, = [ (1 — 2*)* dz, and we find an expression for Ij+1 in terms of Ir. We

integrate Ix4.1 by parts with u = (1 — :v2)k+l = du=(k+1)(1— :cz)k(——Z:z), dv=dz = wv=uz,and

then split the remaining integral into identifiable quantities:

Ly = 21— 22| 2k +1) [} 22(1-2?) do = @ +2) [} (1- o) *[L= (1~ %)) do
= (2]{1 + 2)(Ik; - Ik+1)

So Ir1[l+ (2k+2)] = 2k +2)Ik = Irr1 = 52 . Now to complete the proof, we use induction:

0/n1\2
Ip=1= 2 (3) , so the formula holds for n = 0. Now suppose it holds for n = k. Then
Lo o 2k+2, 2k+2 22%(kD? ] _ 2(k+1)2%%(k!)® _ 2(k+1)  2(k+1)2%* (k)
T ok r3 " T 2k+3 | (2k+ 1)  (2k+3)(2k+1)!  2k+2 (2k+3)(2k+1)!
Rk +DP?2%* k) 22D [+ 1Y
Tk +3)2k+2)(2k+ 1) Rk+1D) +1)!

So by induction, the formula holds for all integers n > 0.

9.0 < a< b Now

/ [bz + a(1 — )]* d / du [put u = bz + a(l — x)] [ u? ] ’ b - ot
_— D= = — = — A
(b : t+Db-a)|, CE+D)(b-a)
141 t4+1 71/t +11 t+1
Now lety = hm [h&:—a—) .Thenlny = hm [ (f—i—_l)(ba::)] This limit is of the form 0/0,

so we can apply I’Hospital’s Rule to get

b+l _ gt+1 i+l —Ine=1In

B*linb —a*'lna 1 ] _blnb—alna __blnb alna pb/(b=a)
B b—a b—a b-a eqe/(b—a)’

iny = |
pb 1/(b~a)
Therefore, y = e ! <—> :

1. An equation of the circle with center (0, ¢) and radius 1 is

z* + (y — ¢)® = 1%, 50 an equation of the lower semicircle is

y = ¢ — /1 — z2. At the points of tangency, the slopes of the line

and semicircle must be equal. For z > 0, we must have

X Yy =2 = ——E——=2 = z=2+1—-2%2 =

V1—zx2

z2=4(1—:c2) = br’=4 = m2=§ = ng\/g

andsoy = 2(§\/5) = %x/g The slope of the perpendicular line segment is — £, so an equation of the line
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segmentisy — 2v5=-1(z-2V5) & y=-iz+1V5+3V5 & y=-1z+5 soc=+5and

an equation of the lower semicircle is y == V5 — +/1 — 2. Thus, the shaded area is

(2/5)V5 r
2/ [(\/5—\/1—.%2)—29:]dm22 ng—%\/l—:ﬁ—%sin_lz—xz
0 L

—2f2- . LTt (2) 4] 20

=2 :1 - %sin_l (\%)] =2—sin™" (%)

1 -1
———— dv =sintdt,sodu = an
In(1+z+1) 14z +t)[In(1 +z +t))°

} (2/5)vB

0

13. We integrate by parts with u =

d

v = — cost. The integral becomes

*®  sintdt . —cost 2 B costdt
I= — " = lm || — - .
o Im(l+z+t) oo\ |In(A+z+t)], Jo (I+z+t)In(l+z+1)]

= Jim — o0 1 +/oo o=l S
- In(l+z)  Jo (A+z+t)n(l+z+8)]* In(l+z)

b— oo ln(l +$+b) &

where J = / = Coaligt 5. Now —1 < ~cost < 1 for all ¢ in fact, the inequality is strict
0 (1+:c—1—t)[ln(1+:v—|—t)]

/°° dt = J</°° di
o (I+z+t)Mm1+z+t)P o (A+z+t)Inl +xz+1)*
1 1 2

“mito Y “mire ¢ " <mure

except at isolated points. So —




