[image: ]
[image: ]

[image: ]
[image: ]
[image: ]
[image: ]
[image: ]
[image: ]
End
image7.jpeg
Section 3.3

Increasing and Decreasing Functions and the First Derivative Test

119

57. The critical numbers are in intervals (—0.50, —0.25) and
(0.25, 0.50) since the sign of f’ changes in these intervals.
fis decreasing on approximately (— 1, —0.40), (0.48, 1),

and increasing on (—0.40, 0.48).
Relative minimum when x = —0.40.

Relative maximum when x = 0.48.

59. f(x) =x,g(x) =sinx,0 < x < 7

@r, 05 1 15 2 25 3
fx) 0.5 1 1.5 2 235 3
g(x) 0.479 | 0.841 | 0.997 | 0.909 | 0.598 | 0.141
f(x) seems greater than g(x) on (0, ).
® s (©) Leth(x) = f(x) — glx) = x — sinx
h'(x) =1 — cosx > Oon (0, 7).
~ 3 Therefore, h(x) is increasing on (0, 7). Since
h(0) = 0, h(x) > 0on (0, 7). Thus,
7
x—sinx > 0
x > sinxon (0, 7) T
f) > gx) on (0, m).
6L v =kR — N2 = kR — 1) 6. P=2R_ ndR, are constant
: R, + RY)? !
' = k(2Rr — 39
zeiian s ) P _ (R, + RPOR) — vRR[2R, + R)(D]
= k(2R —3r) =0 4R, R, + Ry*
= 0or2R =
fe 00t =_1_1_2V’(?R(R+R’;3 =0=R,= R,
Maximum when r = %R. L Z

65. (a) B = 0.11987* — 4.48797 + 56.99097 — 223.0222¢ + 579.9541

(b) 152

o

(c) B’ = 0 for ¢ =~ 2.78, or 1983, (311.1 thousand bankruptcies)
Actual minimum: 1984 (344.3 thousand bankruptcies)

67. (a) Use a cubic polynomial
f() = a3x® + ax® + ax + a,

®) fx) = 3a;x% + 2a,x + a,

(0,0): 0=aq, (f(0) = 0)
0=a (10) = 0)
2,2): 2=8a,+4a, (f2)=2)
0= 120, + 4a, (f(2)=0)

Maximum when R, = R,.

1
(c) The solutionis @y = a; = 0,a, = %, =

bt 3v s
f&) i +2x.

@ 4

\ @2
v )

2:
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69. (a) Use a fourth degree polynomial f(x) = a,x* + a3x® + a,x> + a,x + g,
®) f(x) = 4a,3 + 3a;x* + 2a,x + a,
0,0: 0=aq, (£(0) = 0)
0=a, (f10) = 0)
4,0): 0= 256a, + 64a, + 16a,  (f(4) =0)
0 = 256a, + 48a; + 8a, (f4) =0)
(2,4): 4= 16a, + 8a; + 4a, @ =4
0 = 32a, + 124, + 4a, (r@ =0

(c) The solutionis ay = a; = 0,a, = 4, a3 = =2,a, = i
f) = g - 20 + 42
@) 5
@4
D @o |°
=i
71. True - 73. False

Let h(x) = f(x) + g(x) where fand g are increasing. Then Let f(x) = x*, then f'(x) = 3x* and f only has one
h/(x) = f(x) + g'(x) > 0since f(x) > Oand g'(x) > 0. critical number. Or, let f(x) = x> + 3x + 1, then

f/(x) = 3(x* + 1) has no critical numbers.

75. False. For example, f(x) = x> does not have a relative extrema
at the critical number x = 0.

77. Assume that f/(x) < O for all x in the interval (a, b) and let x; < x, be any two points in the interval. By the Mean Value
Theorem, we know there exists a number c such that x;, < ¢ < x,, and

o = J) — 1)

255 2]

Since f(c) < Oandx, — x; > O, then f(x,) — f(x;) < 0, which implies that f(x,) < f(x,) Thus, fis decreasing on the
interval. .

79. Letf(x) = (1 + x)* — nx — 1. Then
f@=nl+xr"t-—n
=n[(1 +x)*~! — 1] > Osincex > Oandn > 1.
Thus, £(x) is increasing on (0, o0). Since f(0) = 0= f(x) > 0on (0, o0)

Q+xr—m—-1>0=>00+x">1+nx
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i

f@) =2 —6x+8

Increasing on: (3, co)

Decreasing on: (—oo, 3)

=
2 B

3.y

Increasing on: (—oo, —2), (2, c0)

Decreasing on: (—2,2)

Increasing and Decreasing Functions and the First Derivative Test

5. f() = 5 =x2 7. g0 =x*—2x—8
X
g =22
TR Y)
o) =— Critical number: x = 1
Discontinuity: x = 0 Testintervals: | —co<x <1 | 1<x<oo
Test intervals: | —oo < x < 0 0<xr<oco Sign of g'(x): g'<0 g'>0
Sign of f'(): f>0 K<0 Conclusion: Decreasing Increasing
Conclusion: Increasing Decreasing
Increasing on: (1, oo)
Increasing on (— oo, 0)
Decreasing on: (—oo, 1)
Decreasing on (0, co)
9, y=2x/16 — 2 Domain: [—4, 4]
=202 = 8) -2
== ﬁ(x - 2V2)(x + 2v2)
Critical nﬁmbers: x=+2J2
Testintervals: | —4 <x< =22 | 2/2<x<2/2|2/2<x<4
Sign of y”: y' <0 y' >0 y' <0
Conclusion: Decreasing Increasing Decreasing
Increasing on (—Zﬁ, Zﬂ)
Decreasing on (—4, —2/2), (2/2, 4)
1. f(x) =x>—6x 18. f)— 2 L&t 3
f)=2x-6=0 f)=—-4+4=0
Critical number: x = 3 Critical number: x = 1
Test intervals: | —co <x <3 Siai=tco Test intervals: S ace) <y < co
Sign of f/(x): <0 >0 Sign of f(x): Fr=40 f <0
Conclusion: Decreasing Increasing Conclusion: Increasing Decreasing

Increasing on: (3, co)

Decreasing on: (—oo, 3)

Relative minimum:

=)

Increasing on: (—oo, 1)
Decreasing on: (1, co)

Relative maximum: (1, 5)
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15. f(x) = 26 + 322 — 12x
fR)=6x2+6x—12=6(x+2)(x—1)=0

Critical numbers: x = —2, 1
Test intervals: Soolu< 0 =l <z <ico
Sign of f/(x): ie=>a0) fa< >0
Conclusion: Increasing Decreasing Increasing

Increasing on: (—oo, —2), (1, c0)

Decreasing on: (—2, 1)

Relative maximum: (—2, 20)

Relative minimum: (1, —7)

17. f)=x*3=x)=3*>—»

() = 6x —3x% = 3x(2 — x)

Critical numbers: x = 0, 2
Testintervals: | —co<x<0 | 0<x<2 |2<x<oc0
Sign of f(x): <0 >0 a0
Conclusion: Decreasing Increasing | Decreasing

Increasing on: (0, 2)

Decreasing on: (—oo, 0), (2, c0)

Relative maximum: (2, 4)

Relative minimum: (0, 0)

& Ox
19. /() ==

f)=x-1

Critical numbers: x = —1, 1
Test intervals: OIS vl =< vl Bt < o0
Sign of f(x): 00 ) >0
Conclusion: Increasing Decreasing Increasing

Increasing on: (—oo, —1), (1, o)

Decreasing on: (—1, 1)

wis

)
)

Relative maximum: (— 1,

vils

Relative minimum: (1, -
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2L f(x) =x+1

&) =32 =

1
3x2/3

Critical number: x = 0

Test intervals: oS0 0<x< o
Sign of f/(x): 12=10) =0
Conclusion: Increasing Increasing

Increasing on: (— oo, co)

No relative extrema

25. fx) =5— |x—

) =-

FEE|

o <A,

_{1,
-1,

S

Critical number: x = 5

23 f(@) = (x— 13

: 2
f(x)=W

Critical number: x = 1

Test intervals: oo <sx<1 i<z < oo
Sign of f(x): <0 >0
Conclusion: Decreasing Increasing

Increasing on: (1, co)

Decreasing on: (—oo, 1)

Relative minimum: (1, 0)

Test intervals: OO S R Si<ix'<t co
Sign of f(x): fe>0 fie <0
Conclusion: Increasing Decreasing
Increasing on: (— oo, 5)
Decreasing on: (5, co)
Relative maximum: (5, 5)
277 f@) =x+2
2 x
ey e
=1 o
Critical numbers: x = —1, 1
Discontinuity: x = 0
Test intervals: Eoopars il Eaaaa 0 -0 <xiil 1'<'x <ico
Sign of f/(x): >0 <0 <0 10
Conclusion: Increasing Decreasing Decreasing Increasing

Increasing on: (—oo, —1), (1, o)
Decreasing on: (—1,0), (0, 1)
Relative maximum: (—1, —2)

Relative minimum: (1, 2)
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29. f(x) = =y
o 2= 9)Ex)is () (2v) £ B8y
FO="—%—r  @-9%

Critical number: x = 0

Discontinuities: x = —3,3
Test intervals: FCoPi S =) (=2 =l R < oo
Sign of f/(x): >0 =0 7= <0
Conclusion: Increasing Increasing Decreasing Decreasing
Increasing on: (—oo, —3), (—3,0)
Decreasing on: (0, 3), (3, 0)
Relative maximum: (0, 0)
= el
31 f(x) = ]
f,(x):(er DEx=2) - (@—2+1D1) _P+2-3_ G+3Jx—1)
(=) (o 1)2 (x + 1)
Critical numbers: x = —3, 1
Discontinuity: x = —1
Test intervals: ol Sl T s sl el sxy<s Tl <y <lco
Sign of f/(x): =20 f <0 <0 0
Conclusion: Increasing Decreasing Decreasing Increasing
Increasing on: (—oo, —3), (1, o0)
Decreasing on: (-3, —1), (—1,1)
Relative maximum: (—3, —8)
Relative minimum: (1, 0)
33, f(x) =§+ cosx,0 < x < 27
. s
f(x)=§— sinx =0
Critical numbers: x = — o
3 6 6
. T Sar S
Test intervals: 0<x<6 6<Jc< 5 ?<x<27r
Sign of f/(x): >0 <0 20
Conclusion: Increasing Decreasing Increasing
: m\ (Sm : 3 T+ 6/3
Increasing on: (0, 6)’ < 5 211) Relative maximum: ( 3 7 )
Decreasing on: (%, 5%) Relative minimum: (5?‘”, S—W%ﬁ

)
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35. f(x) = sin?x + sinx,0 < x < 27

f(x) = 2sinxcosx + cosx = cos x(2sinx + 1) = 0

. o7 Im3m ln
Critical numbers: x = 26°2' 6
i ; Gief s Im | 1w S| o L Al
Test intervals: O<x<2 2<,wr<6 6<x<2 2<x<6 3 <iH<i2m
Sign of f/(x): Ji>0 A< >0 fe<:0 A
Conclusion: Increasing Decreasing Increasing Decreasing Increasing
> mw\ (17 3 117
Increasing on: <O, 2)( R A3 ,2‘”)
g on: (T 7) (37 Lim
Decreasing on: (2, 3 ),( 2° 6 )
Relative minima: (L —1) (“—” -1>
elamyeminima: | 7, 27, (== =3
Relati ima: (’—’ 2) <3—” 0)
elative maxima: 2, s 2 >
7. ) = 279 =2 [=3,3]
> 295252 209 — 2x?)
- e
@)= O =
® Critical numbers: x = i% = :t¥

: (d) Intervals:
5 32\ (3v/2342) (342,
T 2 {ey2 2 pd

f®) <0 fx) >0 f&) <0

Decreasing Increasing Decreasing

fs increasing when f” is positive and decreasing
when f” is negative.

39. f(z) = 2sint, [0, 2]

(@) f1(f) = cost + 2tsint (c) ftcost+ 2sine) =0
=ttcost + 2sint) t=0ort=—2tant
(b) teott= —2

t =~ 2.2889, 5.0870 (graphing utility)
Critical numbers: ¢ = 2.2889, t = 5.0870
(d) Intervals:
(0, 2.2889) (2.2889, 5.0870)  (5.0870, 27)

£ >0 f<0 f@ >0
Increasing Decreasing Increasing

fis increasing when f” is positive and decreasing when
[’ is negative.




image6.jpeg
118  Chapter 3  Applications of Differentiation

x’—4x3+3x=(x2—1)(x3—3x)_
= s =l 2

4. fx) = B =3y x# +1

f(x) = glx) = x® — 3xforall x # £1.

Fx) =32-3=30-1),x#+1 f(x)+0
f symmetric about origin
zeros of £ (0, 0), (—: =/ 0)
No relative extrema Holes at (—1,2) and (1, —2)

43. f(x) = cis constant => f(x) = 0

45. fis quadratic = f” is a line.

In Exercises 49-53, f(x) > 0 on (—oo, —4), f(x) < 0 on (—4, 6) and f'(x) > 0 on (6, o).

49. gv) =f(x) +5 5. g =—f( 53. glx) = f(x — 10)
g'() = fx) g6 = —fx) 2@ = fib= 10)
20 =110 <0 (G =5 f{(=6) < 0 g'(0) =f(-10) > 0

>0, x < 4= fis increasing on (— oo, 4).

55. f(x) = {undefined, x =4

< 0; x > 4 = fis decreasing on (4, c0).

Two possibilities for f(x) are given below.

@ 5 (b)





