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In Section 2.6, you learned that one of the most common ways to measure change is
with respect to time. In this section, you will study some important rates of change in
economics that are not measured with respect to time. For example, economists refer
to marginal profit, marginal revenue, andmarginal costas the rates of change of

the profit, revenue, and cost with respect to the number of units produced or sold.

Summary of Business Terms and Formulas

Basic Terms Basic Formulas

x is the number of units produced (or sold)
p is the price per unit

Ris the total revenue from sellingunits R=xp

C is the total cost of producingunits

Cis the average cost per unit C= %

P is the total profit from selling units P=R-C

The break-even pointis the number of units for whidR = C.

Marginals

R . . . .
% = (Marginal revenue} dxtrarevenue from selling one additional unit)

C : : . :
Marginal ?j_x = (Marginal costy= éxtracost of producing one additional unit)

revenue

,,,,,, g = (Marginal profit)= (xtraprofit from selling one additional unit)

Extra revenue

for one unit
In this summary, note that marginals can be used to approximatexitze
A revenue function revenue, cost, or profit associated with selling or producing one additional unit. This
Figure G.1 is illustrated graphically for marginal revenue in Figure G.1.
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EXPLORATION

Graphs of Revenue Functions The graph of the revenue function shown in
Figure 3.67 is concave down. How can that be? Shdwdrevenue function be
linear, of the form

R = xp

wherex is the number of units arglis the price? Discuss this question within
your group or class. Consider that the number of unitsxswidy itself be a
function of the price per unft. For instance, by lowering the price per unit, you
may be able to increase the number of units sold.

EXAMPLE 1  Using Marginals as Approximations

A manufacturer determines that the profit derived from selungjts of a certain item
is given byP = 0.0002x3 + 10x.
a. Find the maginal profit for a production level of 50 units.

b. Compare this with the actual gain in profit obtained by increasing the production
from 50 to 51 units. (See Figure G.2.)

Solution
a. The maginal profit is given by

ap = 0.0006x2 + 10.
dx

Whenx = 50, the maginal profit is

g = (0.0006)(50)2 + 10 = $11.50. Marginal profit

b. Forx = 50 and 51, the actual profits are

P = (0.0002)(50)3 + 10(50) = 25 + 500 = $525.00
P = (0.0002)(51)3 + 10(51) = 26.53 + 510 = $536.53.

Thus, the additional profit obtained by increasing the production level from 50 to
51 units is

536.53 — 525.00 = $11.53. Extra profit for one unit

The profit function in Example 1 is unusual in that the profit continues to increase
as long as the number of units sold increases. In practice, it is more common to
encounter situations in which sales can be increased only by lowering the price per
item. Such reductions in price ultimately cause the profit to dediime.number of
unitsx that consumers are willing to purchase at a given prjmer unit is defined as
thedemand function

p= f(x). Demand function
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EXAMPLE 2  Finding the Demand Function

A business sells 2000 items per month at a price of $10 each. It is predicted that
monthly sales will increase by 250 items for each $0.25 reduction in price. Find the
demand function corresponding to this prediction.

Solution From the given predictior increases 250 units each timpealrops $0.25
from the original cost of $1his is described by the equation

X = 2000 + 250<1g.;5p) = 12,000 — 1000p
or
p=12 — ﬁ, x = 2000. Demand function
The graph of the demand function is shown in Figure G.3. —

EXAMPLE 3 Finding the Marginal Revenue

A fast-food restaurant has determined that the monthly demand for its lg@nsbisr

_ 60,000 — x
20,000

Find the increase in revenue per hargkeurimaginal revenue) for monthly sales of
20,000 hambwgers. (See Figure G.4.)

Solution Because the total revenue is givenRy: xp, you have

B = o= <60,000 - x) 1

— _ 2
20,000 20,000 80:000x = x?)

and the maginal revenue is

dR_ 1
dx 20,000

(60,000 — 2).

Whenx = 20,000, the maginal revenue is

dR_ 1
dx 20,000

20,000
20,000

[60,000 — 2(20,000)] = = $1/unit.

NOTE The demand function in Example 3 is typical in that a high demand corresponds to a
low price, as shown in Figure G.4.
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EXAMPLE 4 Finding the Marginal Profit

Suppose that in Example 3 the cost of produgihgmbugers is

C = 5000 + 0.56x.

Find the total profit and the nginal profit for 20,000, for 24,400, and for 30,000
units.

Solution BecauseP = R — C, you can use the revenue function in Example 3 to
obtain

_ 1 — %) _
P= 20,000 (60,000x — x?) — 5000 — 0.56x
2
= 2.44x — — 5000.

20,000
Thus, the maginal profit is
dP X
dx ~ %™~ 10,000

The table shows the total profit and the gnaal profit for each of the three indicated
demands. Figure G.5 shows the graph of the profit function.

Demand 20,000 24,400 30,000
Profit $23,800 $24,768 $23,200
Marginal pr ofit $0.44 $0.00 —$0.56

EXAMPLE 5 Finding the Maximum Profit

In marketing a certain item, a business has discovered that the demand for the item is
represented by

_ S0

p N

The cost of producingitems is given byC = 0.5x + 500. Find the price per unit that
yields a maximum profit (see Figure G.6).

Demand function

Solution From the given cost function, you obtain
P=R— C=xp— (0.5x + 500).
Substituting fomp (from the demand function) produces

Primary equation

P=%§g—@&+SWFﬁm&—Q&—wQ
JX
Setting the mainal profit equal to 0

P 25

& 05=0

yieldsx = 2500. From this, you can conclude that the maximum profit occurs when
the price is

50 50
- =20 _ $1.00,
= I
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NOTE To find the maximum profit in Example 5, we fédifentiated the profit function,
P = R — C, and setP/dx equal to 0. From the equation

P drR dC

dx  dx dx
it follows that the maximum profit occurs when the giaal revenue is equal to the mgaral
cost, as shown in Figure G.6.

EXAMPLE 6 Minimizing the Average Cost

o ©=8% 1004+00002 S—

= A company estimates that the cost (in dollars) of producimgts of a certain pred
8 2007 uct is given byC = 800 + 0.04x + 0.0002x2. Find the production level that mini
S mizes the average cost per unit.
£ 1.50
§ \ Solution Substituting from the given equation fGrproduces

5 100 \_

[5] —o— 2

; | | o C _ 800 + 0.04x + 0.0002x> _ 800 + 0.04 + 0.0002x

g 050 | X X X
O |

: | : —x Setting the derivativd C/dx equal to 0 yields
1000 2000 3000 4000
Number of unit C
umber of units %Z—%-I-O.OOOZ:O

Minimum average cost occurs when 800
dC _ 2= "2 = 4,000,000 0 x = 2000 unit
=0 X = 00002 ~ T X units.
Figure G.7 (See Figure G.7.) —

EXERCISES FOR APPENDIX G

1. Think About It The figure shows the co€tof producingx In Exercises 3-6, find the number of units x that produces a

units of a product.
(a) What isC(0) called?

maximum revenueR.

3. R=900x — 0.1x? 4. R = 600x2 — 0.02x3

(b) Sketch a graph of the nganal cost function. — 1,000,000x 6 R 3023 2
(c) Does the mainal cost function have an extremum? If so, © T 0.02x2 + 1800 SRT X X
describe what it means in economic terms.
2. Think About It The figure shows the co6tand revenu® In Exercises 7-10, find the numbeof units x that produces the

for producing and selling units of a product.
(a) Sketch a graph of the nganal revenue function.

minimum average cost pemunit C.

7. C = 0.125x? + 20x + 5000

(b) Sketch a graph of the profit functioApproximate the 8. C = 0.001x3 — 5x + 250

position of the value of for which profit is maximum.

c(0)

Figure for 1

X

C

9. C = 3000x — x2/300 — x
2x3 — x2 + 5000x

y 10 €= e 2500

R

’

X

Figure for 2
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In Exercises 1-14, find the price perunit p that produces the 21. Minimum Cost A power station is on one side of a river
maximum profit P. that is% mile wide, and a factory is 6 miles downstream on the
other side. It costs $12 per foot to run power lines over land and

Cost Function Demand Function $16 per foot to run them underwateind the most economical
11. C = 100 + 30x p=90—x path for the transmission line from the power station to the
12. C = 2400 + 5200 b = 6000 — 0.4x2 factory
13. C = 4000 — 40x + 0.02x2 p=50-— x 22. Maximum Revenue When a wholesaler sold a certain
100 product at$25 per unit, sales were 800 units per wedter a
14.C=3Bx + 2/x - 1 p=40- J/x-1 price increase d§5, the average number of units sold dropped
to 775 per weelAssume that the demand function is lineard
Average Cost In Exercises 15 and 16, use the cost function to find the price that will maximize the total revenue.

find the value ofx at which the average cost is a minimum. For,a|v 23

i . Minimum Cost The ordering and transportation c&bf
that value of x, show that the marginal cost and average cost

the components used in manufacturing a certain product is

are equal.
15.C = 2x2+ 5x + 18 16. C = x3 — 6x2 + 13x C=100(@+ X ) 1<x
. . X2 x4+ 30/ B
17. Prove that the average cost is a minimum at the value of whereC is measured in thousands of dollars arnisl the order
where the average cost equals thegimat cost. size in hundreds. Find the order size that minimizes the cost.
18. Maximum Profit The profit for a certain company is (Hint: Use Newtors Method or the root feature of a graphing

utility.)

— _ 1o
P =230+ 20s - 3s Plv 24. Average Cost A company estimates that the cost in dollars

wheres is the amount (in hundreds of dollars) spent on adver of producingx units of a certain product is
tising. What amount of advertising gives the maximum profit? C = 800 + 0.4x + 0.02X2 + 0.0001xC.

P|V 19. Numerical, Graphical, andAnalytic Analysis The cost
per unit for the production of a radio is $@8he manufacturer
chages $90 per unit for orders of 100 or Iegs.encourage
large orders, the manufacturer reduces thegehby $0.15 per
radio for each unit ordered in excess of 100 (for example, there25. Revenue The revenud for a company selling units is
would be a chae of $87 per radio for an order size of 120).

(a) Analytically complete six rows of a table such as the one
below (The first two rows are shown.) Use diferentials to approximate the change in revenue if sales
increase fronx = 3000 to x = 3100 units.

Find the production level that minimizes the average cost per
unit. (Hint: Use Newtors Method or the root feature of a
graphing utility)

R = 900x — 0.1x2.

X Price Profit

P|°' 26. Analytic and GraphicalAnalysis A manufacturer of fer

102 90 — 2(0.15) 10290 — 2(0.15)] — 102(60) = 3029.40 tilizer finds that the national sales of fertilizer roughly follow

104 90 — 4(0.15) 104[90 — 4(0.15)] — 104(60) = 3057.60 the seasonal pattern
(b) Use a graphing utility to generate additional rows of the . [2m(t — 60)
table. Use the table to estimate the maximum praéfint( F =100,00071 + sm[ 365 ]

Use the table feature of the graphing utiity
(c) Write the profitP as a function ok.

(d) Use calculus to find the critical number of the function in
part (c) and find the required order size.

whereF is measured in pound$ime t is measured in days,
with t = 1 corresponding to January 1.

(a) Use calculus to determine the day of the year when the
maximum amount of fertilizer is sold.

(b) Use a graphing utility to graph the function and approxi
mate the day of the year when sales are minimum.

(e) Use a graphing utility to graph the function in part (c) and
verify the maximum profit from the graph.

20. Maximum Profit A real estate dite handles 50 apartment
units.When the rent is $720 per month, all units are occupied.
However on the average, for each $40 increase in rent, one unit
becomes vacant. Each occupied unit requires an average of $48
per month for service and repaivghat rent should be crged
to obtain the maximum profit?
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Modeling Data The table shows the monthly wholesale (a) Use a graphing utility to plot the data.

distribution of gasolines in billions of gallons for the year (b) Find a model of the forn8 = a + bt + csin gt for the
1994 in the United StateBhe time in months is represented by data. Hint: Start by findingg. Next, use a graphing utility
t, with t = 1 corresponding to January(Souce: Federal to find a + bt. Finally, approximatec.)

Highway Electonic Bulletin Boad) (c) Use a graphing utility to graph the model and make any

¢ 1 5 3 4 5 6 adjustments necessary to obtain a better fit.
(d) Use the model to predict the maximum quarterly sales in
G| 8.91 9.18 9.79 9.83 10.37 10.16 the year 2000.

30. Think About It Match each graph with the function it best

t 7 8 9 10 1 12 represents—a demand function, a revenue function, a cost

G| 1037 10.81 1003 9.97 985 951 function, or a profit function. Explain your reasoning. [The

graphs are labeled (a), (b), (c), and (d).]

A model for these data is @) (b)
Tt 40,000+ 40,000+
G = 9.90 — 0.64 cos <€ — 062) 30,0004~ 30@00_/
zo,ooo-j\ 20,000+
(a) Use a graphing utility to plot the data and graph the model. 10,000+ 10,000+
(b) Use the model to approximate the month when wholesale m X m X
gasoline sales were greatest.
(c) What factor in the model causes the seasonal variation in (© 40,0004~ @ 40,000
sales of gasoline®hat part of the model gives the average 30,0004 30,0004
monthly sales of gasoline? 20,0004 20,0004
(d) Suppose the Department of Eqeadded the ter.02t to 10,000, 10,000+
the modelWhat does the inclusion of this term mean? Use X X
2,000 8,000 2,000 8,000
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this model to estimate the maximum monthly consumption

in the year 2000. The relative responsiveness of consumers to a change in the

Railroad Revenues The annual revenue (in milions of price of an item is called theprice elasticity of demandif
dollars) for Union Pacific for the years 1985-1994 can be p = f(x) is a differentiable demand function, the price elasticity

modeled by of demand is
R = 4.7t* — 193.5t3 4+ 2941.7t2 — 19,294.7t + 52,012 _ p/x
M= dpfdx’

where t = 0 corresponds to 198Q:Souce:Union Pacific
Corporation) For a given price, if |»| < 1, the demand isinelastic, and if
(a) During which year (between 1985 and 1994) was Union |m| > 1 the demand iselastic

Pacific's revenue the least: Elasticity In Exercises 31-34, findj for the demand function

(b) During which year was the revenue the greatest? at the indicated x-value. Is the demand elastic, inelastic, or
(c) Find the revenues for the years in which the revenue wasneither at the indicatedx-value?
the least anq grea.tfast. . ' 31 p = 400 — 3x 32.p = 5 — 003
(d) Use a graphing utility to confirm the results in parts (a) and
(b). x =20 x = 100
. _ > _ 500
Modeling Data The manager of a department store re 33.p =400 — 0.5x 34.p=-"""7

corded the quarterly sal&in thousands of dollars) of a hew
seasonal product over a period of 2 years, as shown in the table,
wheret is the time in quarters, with= 1 corresponding to the
winter quarter of 1996.

x =20 X =23

t 1 2 3 4 5 6 7 8

S| 75| 62| 53| 70/ 91 78 69 85p




