APPENDIX E

Rotation and the General
Second-Degree Equation

After rotation of the x- and y-axes counter-
clockwise through an angle 6, the rotated
axes are denoted as the x -axis and y "-axis.

Rotation of Axes ¢ Invariants Under Rotation

Rotation of Axes
In Section 9.1, you learned that equations of conics with axes parallel to one of the

coordinate axes can be written in the general form
AX®+ Cy2+Dx+Ey+F=0.

Horizontal or vertical axes

Here you will study the equations of conics whose axes are rotated so that thaty are
parallel to thex-axis or they-axis. The general equation for such conics contains an

Xy-term
A+ Bxy+ Cy?+Dx+Ey+F=0

Equation inxy-plane

To eliminate thisxy-term, you can use a procedure calehtion of axes.You want

to rotate thex- andy-axes until they are parallel to the axes of the conic. (The rotated
axes are denoted as thé -axis andythe -axis, as shown in Figure E.1.) After the
rotation has been accomplished, the equation of the conic in the‘'yew -plane will

have the form
A(X)?2+C(y)>+D%x +EY +F =0.

Equation inx’y” -plane

Because this equation hasxfg” -term, you can obtain a standard form by complet-
ing the square.

The following theorem identifies how much to rotate the axes to eliminate an
xy-term and also the equations for determining the new coeffickens’, D', E’,
andF".

THEOREM A.1 Rotation of Axes
The general equation of the conic
AX? + Bxy + Cy? + Dx + Ey + F = 0,
whereB # 0, can be rewritten as
A(X)?>+ C(y)>?+Dx +EY +F =0
by rotating the coordinate axes through an afgle where

A-C
cot20—T.

The coefficients of the new equation are obtained by making the substitutions
X=X"cosf — y’siné

y = Xx’sin 6 + y’ cos 6.
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Proof To discover how the coordinates in thesystem are related to the coordinates
in thex’y’-system, choose a poiRt= (x, y) in the original system and attempt to find
its coordinategx’, y’) in the rotated system. In either system, the distametween
the pointP and the origin is the same, and thus the equations foix’, andy’ are
those given in Figure E.2. Using the formulas for the sine and cosine offérertit

X' =rcos(a — 0) =

_/4\
Q
I

y'=rsin(a — 6

of two angles, you obtain

r(cosacosé + sinasin )
rcosacosf +rsinasing =xcos6 + ysn o
r(sin a cos® — cos a sin )

rsinacosf —rcosasind =ycoso — xsin 6.

Original: x = . . .
romne ; - : ;?,SS Solving this system fox andy yields
y X=Xx"cosf —y’siné and
y
X
o 6y ing terms, you obtain the following.
\ =X,y
ey A= Acos’6 + Bcosfsing + Csin?6
r R C’= Asin?0 — Bcos#sinf + Ccos? 6
\ // \\ P X
\ Ja-g - D’=Dcosf + Esing
\/,,1*9’ E’'=—-Dsné6+ Ecosf
- X

y = Xx’'sin 6 + y’cos 6.

Finally, by substituting these values foandy into the original equation and collect

T F'=F

Now, in order to eliminate tha’y’-term, you must selea® such thatB’ = 0, as

Rotated: x” = r cos(a — 6)
y’ =rsin(a — 6)

follows.

B’=2(C — A)sinfcos 6 + B(cos? 9 — sin?6)

Figure E.2

= B(sin 20)( 5

= (C— A sin26 + Bcos26
C—-A

+ cot20) =0, sn20+#0

If B = 0, no rotation is necessargecause thgy-term is not present in the original
equation. IfB # 0, the only way to mak&’ = Qs to let

A-C
2 = —
cot 20 B

Thus, you have established the desired results.

B # 0.
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EXAMPLE 1 Rotation of a Hyperbola

Write the equatiorxy — 1 = 0in standard form.
Solution BecauseA = 0,B = 1, andC = 0, you have(for0 < 6 < 7/2)

A_Czo o 20=2 > =T

cot 260 = B 5 2

)2 _ )2 _
(V2? (V2

The equation in the’y’-system is obtained by making the following substitutions.

CreosT —vran T o 2) _ o 2) X Y
, X = x"cos, ysn4—x<2> y(2>— N
y\ 24
\X\ \/é \/é X/ + y/
/o E ’ E — v/ XY= N XY=y —
\X\1+ y—xsm4+ycos4 x<2>+y<2> 5
—t e —t X Substituting these expressions into the equatjor 1 = 0 produces
v xy-1=0 <X’ - y’)(X’ + Y’> —1-0
N, 2 )\ 2
h P =P
> 1=0
(9 v =1 Standard form
(v2,0), (= v/2,0) in x’y"system (Ve (v2)
(1, 1), (=1, =1) in xy-system This is the equation of a hyperbola centered at the origin with verti(:ﬁs@, O) in
Figure E.3 thex’y’-system, as shown in Figure E.3. E——

EXAMPLE 2 Rotation of an Ellipse

Sketch the graph aix2 — 6./3xy + 13y2 — 16 = 0.

y

Solution Becaused = 7, B = —6./3, andC = 13, you have(for 0 < 6 < 7/2)

y w2, 0 _A-C_7-18_1 o«
\\\ 1 (2)2 (1)2 cot 20 - B - —6\/§ - \/é :/ 0= E
X ’
/’X Therefore, the equation in they’-system is derived by making the following
/’ Y substitutions.
\\ /,\/
% % :\/// % % X = 4 E— /g 7—7—: 4 £ - /<1>:\/§X/_y/
_ZLi\\ 5 x=x/coss —y'sing x<2> yl5 5
X i T T 1 V3 X+ /3y’
- \\ — 4 . J’_ ’ - = V4 + /| =
S y=x'sng +y’cosg x<2> y<2> T —
_2Ak \
Substituting these expressions into the original equation eventually simplifies (after
72— 6\ Ky + 132 -16=0 considerable algebra) to
] 4(x’)? + 16(y’)? = 16
Vertices: x)2 (Y2
(x2,0), (0, £1) in x"y"-system =
y-sy 27 (12 1 Standard form

(3, 1), (il, i£> in xy-system o _ _ o .
22 This is the equation of an ellipse centered at the origin with vertides?2a®) and
Figure E.4 (0, £1) in thex'y’-system, as shown in Figure E.4. ——
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Figure E.5

X2= 4xy + 4y?+5/5y +1=0

o=

Vertex: <§ - l) in x’y’-system

13 6 .
(5 /575 \@> In xy-system
Figure E.6

In writing Examples 1 and 2, we chose the equations such tatld be one of
the common angle30°, 45°, and so forth. Of course, many second-degree equations
do not yield such common solutions to the equation

A-C

cot 20 = B

Example 3 illustrates such a case.

EXAMPLE 3 Rotation of a Parabola

Sketch the graph of — 4xy + 4y2 + 5./5y + 1 = 0.

Solution BecauséA = 1, B = —4, andC = 4, you have
A-C_1-4_3

cot 20 =

B -4 4
The trigonometric identitgot 26 = (cot?> # — 1)/(2 cot 6) produces
3 cot?h—1
o260 = 4 = ot

from which you can obtain the equation
6cot=4cot?d—4 (> 4cot’f—6cotd—4=0
(2cot9 — 4)(2cot 6 + 1) = 0.
Consideringd < 6 < /2, it follows that2 cot § = 4. Thus,
cothp=2 > 0= 266

From the triangle in Figure E.5, you can obtsimé = 1/./5 andcos 6 = 2/./5.
Consequentlyyou can write the following.

. 2 1 ' -y’

x=xooso —y'sno =x{ Z5) - v Jg) = 7 5
. 1 2 X"+ 2y’
y=x’sm6+y’cos¢9=x’\@ +y’\/g = NG

Substituting these expressions into the original equation produces
2X" — y’\2 2x" — y’)(x’ + 2y’) <x’ + 2y’>2
- + +
el I vy v X e

5\@<X/\+/§2y/> +1=0

which simplifies to
5(y’)2 + 5x’ + 10y’ + 1 = 0.

By completing the square, you can obtain the standard form
5(y’+ 1)?= —-5x"+ 4

1 4
’ 2 — _= [g— Standard form
(y+1 4( 4><x 5).
The graph of the equation is a parabola with its vertéfé(,at 1) and its axis parallel
to thex’axis in thex’y’-system, as shown in Figure E.6. ——
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Invariants Under Rotation

In TheoremA.1, note that the constant tefi = F is the same in both equations.
Because of thisk is said to banvariant under rotation. TheoremA.2 lists some
other rotation invariantsthe proof of this theorem is left as an exercise (see-Exer
cise 34).

THEOREM A.2 Rotation Invariants

The rotation of coordinate axes through an amgieat transforms the equation
AX? + Bxy + Cy? + Dx + Ey + F = Qinto the form

A(x)?>+ C(y)>?+ DX +EY +F =0
has the following rotation invariants.
1. F=F
22A+C=A"+C’
3. B2 — 4AC = (B’)2 — 4AC’
You can use this theorem to classify the graph of a second-degree egitéation

anxy-term in much the same way you do for a second-degree equétionitanxy-
term. Note that becau& = 0, the invarian8?> — 4AC reduces to

B2 — 4AC = —4A'C’ Discriminant

which is called thaliscriminant of the equation
A +Bxy+Cy?2+Dx+Ey+F=0.

Because the sign @{’C’ determines the type of graph for the equation
A(X)2+C(y)2?+DX +EY +F =0

the sign oB? — 4AC must determine the type of graph for the original equalibis.
result is stated imheoremA.3.

THEOREM A.3 Classification of Conics by the Discriminant
The graph of the equation
AP+ Bxy+ Cy?»+Dx+Ey+F=0
is, except in degenerate cases, determined by its discriminant as follows.

1. Ellipse or cicle B2 —-4AC < 0
2. Parabola B> - 4AC =0
3. Hyperbola B2—4AC >0
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EXAMPLE 4  Using the Discriminant

Classify the graph of each of the following equations.

a. 4xy—9=0

CX—6xy+92—-2y+1=0

Solution

b. 22— 3xy + 2y2 — 2x=10
d 32+8y+42—-7=0

a. The graph is a hyperbola because
B2-4AC=16—-0 > 0.

b. The graph is a circle or an ellipse because
B2-4AC=9-16 < 0.

¢. The graph is a parabola because
B> — 4AC =36 — 36 = 0.

d. The graph is a hyperbola because

B> — 4AC = 64 — 48 > 0.

EXERCISES FOR APPENDIX E

In Exercises 1-12,atate the axes to eliminate they-term. Give
the resulting equation and sketch its graph showing both sets
of axes.

l.xy+1=0

2.xy—4=0

3. —10xy+y?+1=0

4. xy+x—2y+3=0

5. xy—2y —4x=0

6. 132 + 6./3xy + 7y2 — 16 = 0

7.5 —2xy+ 52 —-12=0

8.2 —3xy— 2+ 10=0

9.3 —2/3xy +y2 + 2x+2/3y=0

=
o

. 16x2 — 24xy + 9y? — 60x — 80y + 100 = O
. 9%% 4 24xy + 16y? + 90x — 130y = 0
12. 9x2 + 24xy + 16y? + 80x — 60y = O

[EEY
[

In Exercises 13-18, use a graphing utility to graph the conic.
Determine the angle @ through which the axes ag rotated.
Explain how you used the utility to obtain the graph.

13. %2 + xy + y2=10

14. %2 — 4xy + 2y> = 6

15. 17x2 + 32xy — 7y> = 75

16. 40x% + 36xy + 25y? = 52

17. 32x2 + 50xy + 7y? = 52

18. 4x% — 12xy + 9y? + (4/13 + 12)x — (6./13 + 8)y = 91

In Exercises 19-26, use the discriminant to determine whether
the graph of the equation is a parabola, an ellipse, @ hyper-
bola.

19. 16x2 — 24xy + 9y2 — 30x — 40y = 0
20. X2 —4xy —2y° —6=0

21. 132 — 8xy + 7y? — 45=10

22. 2% + 4xy + 52+ 3x — 4y —20=0
23. X% —6xy — 5y + 4x —22=0

24. 36x2 — 60xy + 25y + 9y = 0

25. % +4xy + 4> -5x—-y—3=0
26. X2+ xy+ 42 +x+y—4=0

In Exercises 27-32, sketch the graph (if possible) of the degen
erate conic.

27. Y2 =4 =0

28. X2 +y?—2x+6y+10=0
29. %+ 2xy+y?—1=0

30. X2 — 10xy + y* =0

3l. x—2y+1)x+2y—3) =0
32. (2x+y—32=0

33.Show that the equatiof + y? = r?is invariant under rotation
of axes.

34. ProveTheoremA.2.

The symboﬁp indicates an exeise in which you @& instucted to use graphing technology or a symbolic
computer algebra system. The solutions of othercesess may also be facilitated by use of appiate

technology



